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CHAPTER 1

BASICS CONCEPTS AND LAWS

Introduction: Thermal form of energy transferred due to temperature difference is called heat. The
subject of heat transfer deals with the rate at which heat is transferred and the temperature
distribution within the system. Heat is transferred by three modes namely, conduction, convection
and radiation. Conduction refers to heat transfer within a stationary medium (solid or liquid) due to
temperature difference. Convection refers to heat transfer between a surface and the moving fluid
(liquid or gas) maintained at different temperatures and it involves mass movement of fluid that may
be natural or forced. Radiation refers to heat transfer by electromagnetic waves (or photons) in
absence of any medium between two surfaces at different temperatures. The knowledge of heat
transfer is required for the design of various heat exchanging devices used in different fields of
engineering. This chapter briefly describes the basic concepts related to heat transfer, the
mechanisms of the three modes of heat transfer and its basic laws.

1.1 Temperature: Temperature is a property of matter which two bodies in thermal equilibrium
have in common. It measures the level of heat in a body and indicates relative hotness or coldness
with respect to surrounding. Temperature is a scalar quantity, i.e., it has only magnitude.
Temperature (T) at a point (X, Y, z) at time t in rectangular coordinates can be expressed as

T=1(x,y,z,1).Here, symbol f isused toindicate function.

There are two absolute temperature scales, namely, Kelvin scale (K) and Rankine scale (°R). The
important relations for conversion among the Kelvin, degree centigrade (°C), Fahrenheit (°F) and
Rankine scales (°R) are as below.

K =°C +27315; °F:§°C+32; °R="°F +459.67:%K

1.2 Temperature gradient: The change in temperature per unit length or the rate of change of
temperature with respect to the distance in the direction of heat transfer is called temperature
gradient. The temperature gradient for heat transfer in X -direction is given as below.

oT dT

— or — in K/m(or °C/m).

OX dx
The partial and ordinary derivatives of a function are identical when the function depends on a
single variable only. Here, T =T (X).

1.3 Heat: Heat is one of the forms of energy that transfers due to the existence of temperature
difference. Heat is vector quantity, i.e., it has direction as well as magnitude. Heat flows in the
direction of decreasing temperature with a negative temperature gradient. The larger the
temperature gradient, the higher is the rate of heat transfer.

1.4 Differences between thermodynamics and heat transfer:

Thermodynamics Heat Transfer

1. Thermodynamics deals with the amount of | 1. Heat transfer deals with the estimation of
heat transfer as a system undergoes a process | heat transfer rate to or from a system and the
from one equilibrium state to another. It does | temperature distribution within the system.




not provide any information about the time
rate at which the process occurs.

Heat transfer is a non-equilibrium phenomenon
as it deals with systems that lack thermal
equilibrium.

2. Principally it is based on the two laws of
nature namely, the first law and the second law
of thermodynamics. The first law of
thermodynamics gives conservation of energy,

2. Heat transfer utilizes first and second laws of
thermodynamics, Fourier's law of heat
conduction, Newton’s law of cooling, Stefan-
Boltzmann’s law of thermal radiation, equation

of continuity, Newton’s laws of motion,
empirical relations for fluid properties and
equation of state.

whereas second law gives direction of heat
flow.

1.5 First law of thermodynamics: The first law of thermodynamics (also known as the conservation
of energy principle) states that energy cannot be created or destroyed but can be transformed from
one form to another or transferred as heat or work. To apply this law, control volume is to be
identified. A control volume is a fixed region in space bounded by a control surface through which
heat, work and mass can pass. The useful form of the first law of thermodynamics for heat transfer
analysis is given as below.

“The rate at which thermal and mechanical energies enter a control volume plus the rate at which
energy generates within that volume minus the rate at which thermal and mechanical energies leave
the volume must equal the rate at which internal energy changes or stores inside this volume”.

1.6 Heat flux: The rate of heat transfer (Q) per unit area normal to the direction of heat transfer is

called heat flux (q) . Mathematically it can be given as below.

a="2 (W /m’)

Here, Q is the rate of heat transfer in watts (W) and A is the area normal to the direction of heat

transfer in m?.

1.7 Application areas of heat transfer: Heat transfer analysis is required for the design of various
heat transfer equipments. It mainly concerns with the determination of heat transfer rate and the
size of a thermal system for a specified temperature difference. Some of the important engineering
systems in which principles and methods of heat transfer find applications are: heat exchangers,
condensers, evaporators, furnaces, heaters, boilers, turbine systems, refrigerators, air-conditioning,
solar collectors, sizing of the nuclear fuel elements, radiators, internal combustion (IC) engines,
bearings, electric and electronic devices, and insulation of houses and the steam pipes.

1.8 Types of heat transfer

(i) Steady state heat transfer: When temperature (T) or heat flux (Q) at any location of the system
does not vary with time (though both quantities may vary from one location to another), the heat
transfer through a medium under such condition is called steady state heat transfer (or steady heat
transfer).

(ii) Transient (unsteady state) heat transfer: When temperature or heat flux at any location of the
system varies with time as well as location, the heat transfer through a medium under such
conditions is called transient heat transfer or unsteady state heat transfer (unsteady heat transfer).



(i) 1-D, 2-D, 3-D and periodic heat transfer: Heat transfer may occur in one, two or three directions
in a system. In one-dimensional heat transfer, the temperature is a function of only one space
coordinate. For simplicity, most heat transfer problems are solved by one-dimensional (1-D) analysis.
When temperature is a function of two space coordinates, heat flow is two-dimensional (2-D). In a
three-dimensional (3-D) heat transfer, the temperature is a function of three space coordinates. A
special kind of unsteady process in which temperature changes with time in a cyclic manner is called
periodic or quasi-steady state heat transfer. In such a case, the temperature at a particular point
attains the same value at definite intervals of time, e.g., the walls of cylinder of an internal
combustion engine.

1.9 Modes of heat transfer: There are three modes of heat transfer namely, conduction, convection
and radiation.

(i) Conduction: Conduction is the mode of heat transfer in which the medium transporting the heat
remains stationary. Heat conduction in solids takes place by the combination of energy transfer by
free electrons and molecular vibrations in a lattice (lattice means periodic arrangement of atoms).
However, heat conduction through a substance may be viewed as the transfer of energy from high
temperature molecules to the adjacent low temperature molecules due to interactions between
them. Conduction is the only mode of heat transfer in a solid medium.

(ii) Convection: Heat transfer between a moving fluid (liquid or gas) and a solid surface maintained
at different temperatures is called convection. The convection process involves mass movement of
fluid that may be natural or forced. Basically it is conduction in a very thin fluid layer adjacent to the
heated surface due to random motion of fluid molecules (diffusion) and then its mixing caused by
fluid motion (bulk motion).

The convection heat transfer increases with the increase in fluid motion. Heat transfer by convection
can be classified as forced or free convection.

(iii) Radiation Mechanism: In radiation heat transfer, heat is transmitted in the form of
electromagnetic waves (or photons) due to changes in the electronic configurations of the atoms or
molecules of the matter. It occurs at the speed of light without requiring any intervening medium for
its propagation. Heat transfer by radiation occurs most efficiently in vacuum, e.g., energy of sun
reaches the earth by radiation. Electromagnetic spectrum in below Figure shows that radiation is
emitted over a wide range of wavelengths (1). The wavelength band of solar radiation is about

0.3 4m to 3 um.
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1.10. Types of convection

(i) Forced convection: When the fluid motion is caused by external means like a blower or fan, the
heat transfer is called forced convection. Below Figure illustrates forced convection in which air is
forced by a fan to move over a hot plate for its cooling. In forced convection, heat transfer is higher
than the natural convection.
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(ii) Free convection: When the fluid motion is caused by buoyancy forces resulting from density
differences due to the variation in temperature in the fluid, the heat transfer is termed as natural
convection or free convection. Above Figure shows that the stagnant air adjacent to the vertical hot
plate heats up and moves up owing to the effect of buoyancy and the nearby cold air moves towards
the plate. This motion that results from continuous replacement of heated air in the vicinity of hot
plate by the adjacent cold air is called natural convection current and the resulting heat transfer is
called as natural convection. Boiling and condensation phenomena (phase change processes) involve
the fluid motion, thus these are also considered as convection.

1.11. Thermal radiation: The subject of heat transfer basically deals with thermal radiation which is
the energy emitted by a body because of its temperature. All bodies at a temperature of absolute
zero (0 K) emit thermal radiation continuously which occurs in the wavelength range of 0.1 z#m to
100 gm. All bodies simultaneously emit and absorb radiation. Thermal radiation also depends on
optical properties of the body in addition to temperature. For practical purpose, atmospheric air is
considered transparent to thermal radiation.

1.12. Absorptivity, reflectivity and transmissivity: Radiation is volumetric phenomenon but it is
considered to be a surface phenomenon, since radiation ultimately leaves the surface of the body.
Generally, a part of the radiation incident on a surface is absorbed in the body and the rest is
reflected and or transmitted. If Q is the rate of total radiant energy incident upon the surface of a

body, some part of it will be absorbed (Q,), some will be reflected (Q,) and some will be

transmitted (Q,) through the body (See below figure).

- Q .0
Q Qa+Qr+QTorQ+Q

Here, a is the asorptivity, p is the reflectivity and 7 is the transmissivity.

=lora+p+r=1

1.13. Fourier’s law of heat conduction

Assumptions for Fourier’s law: (i) There is steady heat conduction, (ii) Heat flows in one direction
only, (iii) Temperature profile is linear thus temperature gradient is constant, (iv) Material is
homogeneous (i.e., constant density) and isotropic (i.e., thermal conductivity is same in all
directions), (v) The two faces of bounding surfaces are isothermal, and (vi) There is no internal heat
generation.

Fourier’s law: This law states that the rate of heat conduction is proportional to the area measured
normal to the direction of heat flow and to the temperature gradient in that direction. Let Q be the
rate of heat conduction in watts (W), A be the area normal to the direction of heat flow in m?

and (dT /dx) be the temperature gradient in K/m. Then according to Fourier’s law, we have the

following expression.



Qcx Ad—T or Qz—kAd—T
dx dx

Here, the constant of proportionality K in above equation is called the thermal conductivity of the
material. Since heat flows in the direction of decreasing temperature, thus temperature gradient is
negative. Therefore, negative sign is introduced in above Equation to make heat transfer a positive
quantity.

1.14. Isotropic and anisotropic materials: A material whose properties like thermal conductivity
(k) , specific heat (C) and density () remain same in all directions is called isotropic material. In

heat transfer analysis usually a material is assumed as isotropic.

A material whose properties depend upon the direction is called anisotropic material, e.g., wood
whose thermal conductivity across the grain is different than that parallel to the grain. Other
examples of anisotropic materials are laminated composite materials, graphite, fiber-reinforced
polymers and asbestos.

1.15. Concept of thermal resistance for a solid metallic slab: Consider steady heat conduction
through a plane rectangular wall or slab of thickness L having a constant cross-sectional area A.
Let kK be the constant thermal conductivity of the wall and T (X) be the temperature distribution.
The faces of the wall are maintained at uniform temperatures T, and T, such that T, >T, as

shown in below Figure.
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The temperature gradient for the given wall can be expressed as below.

4T _T,-T,
dx L

Thus, the rate of heat conduction through the wall is given by Fourier’s law as below.

Q= LIl TR\ Sl ER L
dx L L L
AT AT _ Temperature difference

Q (i)

B L/(kA) "R Conductive thermal resistance

The term L/(KA) in above equation is called the conductive thermal resistance (R, Or R) or

simply thermal resistance and it is measured in K/W (or °C/W).

(i) Ohm’s law: The electric current (I) flowing through a conductor of length L in m, cross-

sectional area A in m? and electrical conductivity o, in Q7'm™ (Q stands for ohm) is given by

the Ohm’s law as below.



| = V.-V, AV _ Voltage difference
L/(c,A) R, Electricalresistance

(i)
e
(ii) Analogy between the flow of heat and current: The analogy between the flow of heat through a
thermal resistance and the flow of electric current through an electric resistance is shown by
thermal circuit and electric circuit, respectively in above figure. Comparison of equations (i) and (ii)
for heat flow and current flow suggests that temperature difference is the driving potential for heat
flow, analogous to voltage difference being the driving potential for current flow. Then, the
conductive thermal resistance to heat flow, R =L/(kA) is analogous to electrical resistance,

R, =L/(c.A).

(iii) Advantage of the analogy between the flow of heat and current: The advantage of introducing
the concept of thermal resistance is that the rule for combining electrical resistances in series and
parallel is also applicable to thermal resistances. Thus, complex problems involving both series and
parallel thermal resistances can be solved easily, e.g., in a composite wall (that refers to a wall of a
several heterogeneous layers), walls of a furnace and boilers.

(iv) Thermal conductance: The reciprocal of the conductive thermal resistance is called as the
thermal conductance (K).

Thus K:i— 1 kA

R L/IKA) L

(v) Thermal resistances in series: Considering perfect contact at the interface of the two layers 1 and
2 of a composite wall having thermal resistances R, and R,, respectively.

Q7@ Rl
T k, K, A Q T, R, T, R T, 0 kA
Q > T. —> VYWV VWV L
2 T Thermal circuit R,=—%
< Lo L k,A

The total thermal resistance (Z R) for conduction through these two thermal resistances in series

shown in above figure using rules for combining electrical resistances can be given as follows.

> R=R +R, , Here, R =L, /(kA) and R, =L, /(k,A)

(vi) Thermal resistances in parallel:

T, T, R,

aA @ K e e

Q> @ k, —>Q R, R = L
, =

A= L — Thermal circuit kA,

The equivalent thermal resistance (Req) for conduction through a composite wall containing two

thermal resistances in parallel shown in above Figure can be given as below.

1 1 1 1
—=—+—>=>R, =—"—
R, R R, “ 1/R+1/R,

€q

,Here, R, =L/(k,A) and R, =L/(k,A,)

1.16. Thermal conductivity



(i) Definition of thermal conductivity and its units: Thermal conductivity is the property of a
material that measures its ability to conduct heat. A material of high thermal conductivity is a good
heat conductor, whereas a material of low thermal conductivity is a poor heat conductor (or
insulator).

L a
L/(kA)

The units for thermal conductivity can be obtained from Q =

S,

K= QxL Wxm W
AxAT m?xK mK

Thermal conductivity is expressed in W/mK (or W /m°C). Thermal conductivity can be defined

from above Equation as the rate of heat transfer through a unit thickness of a material per unit area
per unit temperature difference.

(ii) Measurement of thermal conductivity for a metallic slab: Let a layer of a material (sample) of

thickness L in m and area A in M’ be heated from one side by an electric resistance heater as
shown in below Figure. The outer surface of the heater is perfectly insulated.

Heater T o)
. Sample
Insulation T,
f— | >
(i) Two thermocouples embedded into the surfaces of the sample material measure the

temperature values T, and T,.

(ii) The heat generated by the heater (Q) transfers through the material equals the electric
power drawn by it can be given as, Q = (V x |) watts. Here, V is the voltage in volts
and | is the electric current in amperes.

(iii) When steady state is attained the readings for temperatures T, and T, are recorded
and consequently, AT =(T, —T,) is obtained.

(iv) By substituting the values of Q, A, L and AT in below Equation, thermal conductivity

of the material can be measured in W /mK (orW /m°C).
(L OxL _Wxm _w

AxAT m?*xK mK

(iii) Thermal conductivity for solid metals and its variation with temperature: Heat conduction in
the solid materials takes place due to the migration of free electrons and lattice vibrations which are
additive effects. Thus, the thermal conductivity K of a solid may be considered as the sum of the
electronic component K, (i.e., thermal conductivity due to free flow of electrons) and lattice

component K, (i.e., thermal conductivity due to lattice vibrations). That is, kK =K, + K, . Generally,

the energy transfer due to electronic component is more effective than lattice component. For a
pure solid metal ke is much larger than ku therefore, pure solid metals have the highest thermal

conductivity. The values of thermal conductivity in W /mK for some of the solid metals at room
temperature (300 K) are given in below Table.

Metals K (W/mK) Metals K (W/mK)

Silver 429 Zinc 116




Copper 401 Nickel 90.7
Gold 317 Iron 80.2
Aluminum 237 Castiron 55-65
Tungsten 174 Stainless steel (302) 15.1

The motion of free electrons in metals at elevated temperatures is obstructed due to increased
lattice vibrations. Thus, thermal conductivity of pure metals decreases as the temperature increases

(aluminum, mercury and uranium being the exceptions). The variation of thermal conductivity for
some metals and alloys are shown in below Figure.
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(iv) Thermal conductivity and its variation with temperature for alloys: The presence of any
impurity (foreign metal molecules) or alloying of metals causes decrease in thermal conductivity
than that of either metal. For example, thermal conductivity of constantan (an alloy of 55% copper
and 45% nickel) is 23W /mK which is much lower than the thermal conductivity of both the copper

and nickel. Thermal conductivity of an alloy increases with increasing temperature.

(v) Thermal conductivity and its variation with temperature for non-metals: In non-metallic solids
there is almost no electronic component, thus their thermal conductivity K is primarily determined
by Kk,. Therefore, non-metals have lower thermal conductivity than metals and are called thermal
insulators. However, due to perfect lattice arrangement diamond has the highest known thermal

conductivity at room temperature. Thermal conductivity of some of the solid non-metals at room
temperature is given in below Table.

Non-metals k (W/mK) Non-metals kK (W/mK)
Diamond 2300 Asbestos 0.149
Bakelite 1.4 Soft rubber 0.13

Glass 0.78 Cotton 0.06
Brick 0.72 Cork 0.048
Wood 0.17 Glass fiber 0.043

For non-metallic solids, the value of k, increases with increasing temperature due to larger

interactions between the atoms and lattice, thus thermal conductivity increases with rising
temperature.



Many building and insulating materials (like brick, concrete, asbestos, foams and fibers) have a
porous structure generally filled with air. Since air is a poor heat conductor thus, thermal
conductivity of air filled porous insulating materials is low.

(vi) Superconductors: Materials that show very high thermal conductivity at temperature near
absolute zero are called superconductors. For example, thermal conductivity of copper at 20 K is of
the order of 20000W /mK which is nearly 50 times the conductivity of copper at room

temperature.

(vii) Weidemann-Franz law: It states that the ratio of thermal conductivity (K) to the electrical
conductivity (o,) is the same for all metals at the same temperature and this ratio is directly

proportional to the absolute temperature (T) of the metal.

Thus LocT or L:C

o, Al

Here, constant C is also called as Lorentz number having a value of 2.45x10° WQ/K?. This law

holds good for a large number of metals between -100 °C and 100 °C and suggests that materials
that are good electrical conductors are also good conductors of heat.

(viii) Thermal conductivity for liquids and gases and its variation with temperature: Usually thermal
conductivity of liquids lies between those of solids and gases. Liquid metals have higher thermal
conductivity than non-metallic liquids and are used in nuclear applications, e.g., sodium is used as
coolant in nuclear reactors. The values of thermal conductivity in W /mK for some of the liquids
and gases (fluids) at room temperature (300 K) are given in below Tables.

Liquids k (W/mK) Gases kK (W/mK)
Mercury 8.54 Air 0.026
Water 0.613 Steam 0.0206
Sugarcane juice 0.44 Carbon dioxide 0.0146
Glycerin 0.286 Hydrogen 0.172
Milk (whole) 0.58 Helium 0.073
Ethylene glycol 0.252 Oxygen 0.026

Thermal conductivity of most of the liquids decreases with increase in the temperature (except
water and glycerin). It also decreases with increasing molar mass of liquids. Thermal conductivity of
a gas is independent of pressure, but it is proportional to the square root of the absolute
temperature and inversely proportional to the square root of its molar mass. The variation of
thermal conductivity with temperature for some liquids and gases are shown in below Figure.

10
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(ix) Variation of thermal conductivity of different materials: Thermal conductivity of different
materials decreases in the order as: Pure crystals, pure metals, alloys, non-metallic solids, liquids and
gases.

1.17. Thermal diffusivity: The ratio of the thermal conductivity to the heat capacity is called as
thermal diffusivity. It is denoted by & and has the units of m? /s . Thermal diffusivity is the property

of a material which is considered in transient heat conduction analysis. Mathematically, thermal
diffusivity can be given as below.

_ Thermal conductivity _ k-
Heat capacity folo

Here, C is the specific heat of the material in J/KkgK that represents the heat storage ability of a

material per unit mass and p is the density in kg/m?®.

Thermal diffusivity tells about how fast heat diffuses through a material. The larger the value of
thermal diffusivity, the faster is the propagation of heat deep into the solid.

Example 1.1 The two sides of the 10 cm thick wall made up of fire brick with k =0.72W /mK are

maintained at 1200 K and 900 K, respectively. Determine the rate of heat transfer per unit area
through the given wall.

Solution: Refer below Figure. Let L=10cm=0.1m, k=0.72W/mK, T, =1200K and
T,=900K.

TN T (%)
k
=L >
> X

|T2

q= 9 = kM = 0_72xw =2160W /m? (Ans.)
A L 0.1
Example 1.2. A 25 cm thick rectangular sample of size 0.8 mx0.4m on a side is used in an

experiment. The temperatures of the two surfaces of the sample are 125°C and 115°C. After
attaining the steady state the electric heater is observed to consume 0.5 amperes at 125 volts.
Determine the thermal conductivity of the given solid sample.

Solution: Refer below Figure. Let L=25cm=0.25m, 1=08m, b=04m, T, =125C,
T,=115°C, | =0.5amperes, V =125volts.

11
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Example 1.3. Two large aluminum plates (k =237W /mK) 2 ¢cm and 3 c¢m thick are in perfect
contact. Determine the value of heat flux when the temperatures at the inner and outer surfaces are
600 K and 580 K.

Solution:  Refer  below  Figure. Let Kk =k,=237W/mK, L =2cm=0.02m,
L,=3cm=0.083m, T, =600K and T, =580K .

T k| k

q— ® —>q

A’(—@B?(—LZ—)Ts
T,-T, 600—580

=94800W /m* (Ans.)

Y= LTk +L 7k (0.02/237)+(0.03/237)
1.18. Velocity boundary layer and thermal boundary layer: Heat transfer between a moving fluid
and a solid surface maintained at different temperatures occurs due to convection. It happens by the
combined effects of conduction within the fluid that is due to random motion of its molecules
(diffusion) and the bulk motion of the fluid that removes the heated fluid near the surface and
replaces it by colder fluid.

y

Air Y Ju T.>T, T T
flow ;

Velocity ~ R Q
—_— ~ conv
— profile, u(y) (T | 7L ;fonfwir;eer?t(u;)e T.eonv>eT,
- ;) A1 $ oy y=0 N\ T, Y (b) Thermal circuit
y=0

—>x  Heatedsurface |« T, -

(a) Velocity and temperature profiles

Above Figure illustrates the flow of fluid (air) over a heated surface. Because of no slip condition the
air in direct contact with the surface sticks to it. Due to this air-surface interaction a region develops
in the air through which velocity varies from zero at the surface to the free stream velocity of air
(u_) . This region of air in which the effects of the viscous shearing forces caused by air viscosity are

felt is called the velocity boundary layer (9).

Similarly a region develops in the air through which temperature varies from T, at the surface to the
temperature of the air sufficiently far from the surface, i.e., T . This region is called as thermal
boundary layer (é‘t) The air and the heated surface attain the same temperature at the point of

contact and this condition is called as no temperature jump condition.
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1.19. Newton’s law of cooling (basic law of convection): The rate of convection heat transfer (Q)
from a heated surface maintained at temperature T, to the cold fluid at temperature T flowing

over its top surface can be given by Newton’s law of cooling as follows.

Q = hA(Ts _Too)

_Q _hr o
q_A h(Ts Too)

Here, q is the heat flux to the bulk fluid by convection, h is the convective heat transfer coefficient

and A is the surface area through which convective heat transfer occurs.

1.20. Convective thermal resistance and thermal conductance for convection: Newton’s law of
cooling is given by,

Q = hA(Ts _Too)
Q- T,—-T, AT _ Temperature difference
1/(hA) R,, Conwective thermal resistance
Here, R_,,, =1/(hA) is the convective thermal resistance to heat flow.

=1/R,,, = hA.

The thermal conductance for convection, K conv

conv

1.21. Convective heat transfer coefficient: The convection heat transfer studies ultimately reduce to
a study of the means by which convective heat transfer coefficient (h) may be determined. The

convective heat transfer coefficient is not a property of the fluid and sometimes it is also called as
film conductance or film heat transfer coefficient. The convective heat transfer coefficient is
determined experimentally. The units for convective heat transfer coefficient can be given as,

ho QW
AT.-T,) mK

The convective heat transfer coefficient is expressed in W /m*K (or W /m? °C).

Its value depends on conditions in the boundary layer, which is influenced by the parameters
namely, (i) geometry and roughness of the surface, (ii) temperature difference, (iii) bulk fluid
velocity, (iv) thermal properties of fluid such as Kk, C, pand 4 and (v) nature of fluid motion

(laminar or turbulent).

1.22. Determination of the convective heat transfer coefficient: In below Figure the fluid layer (air
layer) adjacent to the surface is at rest thus, the rate of heat transfer from the surface is by
conduction and that can be obtained by applying Fourier’s law to the fluid at y =0 as below.

oT
q=-k (—j (i)
f ay o

Here, kf is the thermal conductivity of the fluid, T is the temperature distribution in the fluid and

(8T /8)/)y:O is the temperature gradient at the solid surface.

13
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This heat given by above equation will be convected away from the surface as a result of fluid
motion. Therefore, the heat flux given by this equation is also the heat flux to the bulk fluid by

convection given by q=Q/A=h(T, —T,). Thus, by equating these two equations, we get the

value of the convective heat transfer coefficient as follows.

oT
hT,-T,)=—k,| &
T,-T.) (ayj

h ke (6T /ey),,
(Ts _Too)
From this equation the value of convective heat transfer coefficient at a certain position X in flow

direction can be determined by measuring the temperature gradient at the surface and the
temperature difference between the surface and the fluid.

The thickness of thermal boundary layer (J,) increases along the flow direction (X -direction),
consequently, temperature gradient (8T/8y)y:O in the boundary layer decreases. Therefore, the

convective heat transfer coefficient decreases along the flow direction. The average convective heat
transfer coefficient can be determined by averaging the local convection heat transfer coefficient
over the entire surface of the plate.

Typical values of convective heat transfer coefficient h in W /m?K encountered in various
engineering problems are: (i) Free convection of gases: 2-25, (ii) Forced convection of gases: 25-250,
(iii) Free convection of liquids: 10-1000, (iv) Forced convection of liquids: 50-20000 and (v) Boiling
and condensation: 2500-100000.

Example 1.4. Cold air at 25°C flows over a hot flat plate maintained at 225°C. If size of the plate is
1mx0.5m and the convective heat transfer coefficient is 20W /m? °C, calculate the heat

transfer from the plate. Also calculate the convection thermal resistance.

Solution: Let T, =25°C, T, =225°C, I=1m, b=0.5m and h=20W /m*°C.
A=1xb=1x05=05m’
Q=hA(T,-T,)=20x0.5%(225—25) =2000W (Ans.)

Row = 1 = _ =0.1°C/W (Ans.)
hA 20x0.5

Example 1.5. The heating element of an immersion water heater of rating 1.5 kW is 20 mm in
diameter and 1.6 m in length. (i) Determine the surface temperature of the heating element when it

is submerged in water at 25°C and the convective heat transfer coefficient is 400W /m?°C. (ii)
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What will be its surface temperature if by mistake it is used in air at 30°C and the convective heat

transfer coefficient is L0W /m? °C . Give your comment.
Solution: let Q=15kw=1500W, d=20mm=0.02m, I=16m, T, =25C,
h, =400W /m?°C, T, =30°C and h, =10W/m*°C.
A=ndl =7x0.02x1.6 =0.1m?
(i) When heater is used in water
Q=h,A(,-T,)
1500=400x0.1x (T, —25) =.~. T, =62.5 °C (Ans.)
(i) When heater is used in air
Q=hA(, -T.)
1500=10x0.1x (T, —30) =.~.T, =1530 °C (Ans.)

Such a high surface temperature will lead to the melting of heating element, hence should never be
used in air.

Example 1.6. In a flow of liquid at 80°C over a metal surface the temperature profile is found to be
T(y) =(75+60y +0.1y?) °C.. If the thermal conductivity of the fluid is 0.67W /m °C, evaluate
the convective heat transfer coefficient.

Solution: Refer Figure in Question 37. Let T, =80°C, T(y)=(75+60y+0.1y*) °C and
k, =0.67W/m°C.

T(y)=(75+60y +0.1y?*) °C (i)
oT
—=(60+0.2y) °C/m (ii)
oy

At y =0, from the expressions (i) and (ii), we obtain the following values.

T, =75+60(0) +0.1(0°) =75 °C

(ﬂj —[60+0.2(0)]=60°C /m

h_—ki(@T1%y), 0 _~067x60

- =8.04W /m?°C (Ans.)
(T,-T,) (75-80)

Example 1.7. A hot plate of area 0.225 m? is maintained at a temperature of 333 K by 200 W electric
heater when the room temperature is 293 K. Determine the fraction of heat supplied lost by free
convection if the convection heat transfer coefficient is given by the relation

h=4.581(AT)"* W /m?K . State what happens to the rest of the heat supplied.
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Solution: Let A=0.225m?, T, =333K, Q, =200W, T, =293K and
h=4581AT)"*W/m°K .

AT =T, -T,=333-293=40K
h=4.581x40"* =11.52W /m?K

Heat lost by convection can be given as below.

Q =hAAT =11.52%x0.225x40=103.68W
Fraction of the heat supplied lost by convection

= Q x100= % x100=51.84% (Ans.)

Q
The remaining (100 - 51.84) = 48.16% is lost by radiation.
1.23. Thermal radiation and blackbody

Thermal radiation: The electromagnetic radiation propagated due to temperature difference is
called thermal radiation. In this text book, we limit discussion to thermal radiation that differs from
other forms of electromagnetic radiation such as x-rays, microwaves, gamma rays, radio waves and
television waves which are not related to temperature.

Blackbody: A black body is an ideal body that absorbs all the incident radiation and reflects or
transmits none. It appears black in colour due to the absorption of all visible radiation which occurs
in the narrow wavelength range of 0.4 m to 0.76 pm. At a given temperature and wavelength, no

surface can emit more radiation than a blackbody.
1.24. Stefan-Boltzmann law and total emissive power of a black body

Stefan-Boltzmann law: This law states that the rate of radiation energy emitted by a black body per
unit surface area is proportional to the fourth power of its absolute temperature.

Let Q be the rate of radiation energy emitted by a black body in watts (W), A be its surface area
in m” and T, be its surface temperature in Kelvin (K).

Q Q

Then —OCTS4 or ~=oT*
A

S

Here, the constant of proportionality, o is called the Stefan-Boltzmann constant and it has the
value of 5.67x10°W /m?*K*.

In above equation, (Q/A) = 0, is the flux of heat energy emitted by radiation, i.e., quantity of
radiation energy emitted per unit time per unit area by the black body (also called total emissive
power of a black body, E,)in W /m?,

Q

=0 =E =oT."
A qb b S
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Therefore, the rate at which energy is radiated by a black body at the absolute temperature (T;) can

be given from above equation as,
4
Q=0AT,

1.25. Emissivity: The rate of radiation energy emitted by all real surfaces will always be less than
that emitted by a blackbody at the same temperature and it can be given as below.

Q=s0AT,’

Here, ¢ is a radiative property of the surface called as emissivity whose value lies between 0 and 1.
For a black body & =1. Emissivity provides a measure of how efficiently a real surface emits energy
relative to a black body. Mathematically, emissivity can be expressed as below.

oe Radiationof a realbodyat T, (K)
Radiationof ablack bodyat T, (K)

Some emissivity data for few surfaces at room temperature (300 K) are: (i) Aluminum foil: 0.07, (ii)
Polished stainless steel: 0.17, (iii) Black paint: 0.98, (iv) White paint: 0.9, (v) White paper: 0.92-0.97,
(vi) Red brick: 0.93-0.96 and (vii) Water: 0.96.

Example 1.8. Determine the increase in emissive power of a blackbody when it is heated from 25°C
to 90 °C.

Solution: Let T, =25°C =29815K and T, =90°C =363.15K .
Using equation: E, = oT.", we get: E,, =oT,,* and E,, =0T,
Increase in emissive power of the blackbody becomes,
By, —Ey=0T,, —oT,' =o(T,' -T,")
~.(E,, —E,) =5.67x10"° x(363.15" — 298.15") =538.07W /m’ (Ans.)

1.26. Relations for radiation exchange between two bodies: Consider a black body of surface area
A at an absolute temperature T, is completely enclosed by a much larger surface (or black body)

at an absolute temperature T, . The net heat exchange between these two bodies can be expressed

as below.
Q = Oﬁi(—l—sl4 _T524)

Similarly, the net heat exchange between a real body of surface area A, emissivity &, absolute
temperature T, and a black body of surface area A, at absolute temperature T, can be

expressed as below.

Q = GALgl(Tsl4 _T524)
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The net heat exchange between two black bodies when one black body of surface area A at
absolute temperature T, faces other black body of surface area A, at absolute temperature T, as

shown in below Figure can be given as below.

Q = OAF(TﬂA _T524)

Here, F is called shape factor or view factor (geometric view factor function) that accounts for the
geometry and orientation of the two bodies. Shape factor indicates the fraction of radiation leaving
the body 1 that strikes body 2 directly.

(A, Tp)
(A Ta)

Blackbody 1 Blackbody 2
Radiation heat exchange between two black surfaces

The net heat exchange between two real bodies when one real body of surface area A, absolute
temperature T, emissivity ¢, faces other real body of surface area A,, absolute temperature T,,

emissivity &, can be given as below.

Q:OA.ng(Tsl4 _T524) (i)

Here, f s the equivalent emissivity (emissivity function or interchange factor) for radiant heat

&
exchange between two real bodies. It is pertinent to mention that geometric view factor function F
and emissivity function f, are not independent of one another as shown in Equation (i).

1.27. Radiation heat transfer coefficient: The radiation heat transfer problems are closely
associated with convection heat transfer problems. Therefore, it is convenient to express the rate of

radiation heat transfer between a surface of emissivity of & and area A at temperature T, and

the surrounding surfaces at temperature T, given by below equation as,

Q = 070‘1.‘91(1-314 _T524) = hrAl(Tsl _Tsz) (i)

Here, hr is the radiation heat transfer coefficient and can be given as below.

h = GA151(Ts14 _T524)
' Ai(Tsl _Tsz)

Equation (i) can also be arranged as,

Q = 070‘1‘91(1-514 _T524) = hrAl(Tsl _Tsz) =

= 6510-512 +T522)(Tsl +T,,)

(Tsl _Tsz) _ (Tsl _Tsz)
1/(hr A.L) Rrad

Here, R,y =1/(h,A) is the thermal resistance of a surface against radiation and it can be given as

below.

R .= (Tsl — Tsz)
rad 4 4
OAlgl (Tsl - Tsz )
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The thermal conductance for radiation, K, =1/R,,; =h.A.

Example 1.9. If the surface temperature of a polished aluminum with an emissivity of 0.05 exceeds
by 15 K than the surrounding at 298 K, determine the radiation heat transfer coefficient.

Solution: Let & =0.05, T, =(T,, +15) Kand T,, =298K..

T, =(T,, +15)=298+15=313K

hr = O-gl(Tslz +T522)(Tsl +T52)
sh =5.67x10"°x0.05% (313 +298) x (313+298) = 0.3235W /m°K (Ans.)

1.28. Combined heat transfer mechanisms for convection and conduction heat transfer in series: In
many practical situations, heat transfer takes place by more than one mechanism in successive
steps. The combined heat transfer mechanism for convection and conduction heat transfer in series
is described below.

Consider a plane wall of area A and thickness L is heated on one side by a hot fluid and cooled on
the other side by a cold fluid as shown in below Figure. Let T, and h, be the temperature and
convective heat transfer coefficient of hot fluid, respectively, T; and hCf be the temperature and

convective heat transfer coefficient of cold fluid, respectively and T, and T, be the surface

temperatures of the plane wall on hot fluid and cold fluid sides, respectively.

T
h T o Rown Ry R
hhf 1 T T T Thf ‘conv,h cond__"Vconv,c ch
rAr T, Cold fluid QT T,

Hotfluig A BEEL=N

Here, successive heat transfer involves: (i) heat flow from the hot fluid to the wall due to convection,
(ii) heat conduction through the wall and (iii) heat transfer from the wall to the cold fluid due to
convection. In steady state conditions, the rate of heat transfer through the wall remains constant
and it can be given by the following expression.

T1 — Tz

Q= hhf A(Thf _Tl) =kA = hcf A(Tz _ch)

Form above equation, we get the below expressions.

Q QL Q
Thf_T1=h A;Tl_Tzzm;Tz_ch:h A
hf ef

By adding these equations, we get:

Thf_ch=Q|: L +L+ 1}

h,A KA h, A
. Q= Thf _ch
T [Wh A+ L/KA+1/h, Al
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T, -T
or gzqz e~ e
A [1/h, +L/k+1/h,]

Example 1.10. A wall of a house made from brick with k =1.2W /mK is 25 c¢m thick and 90 m?in
area. The temperatures of air outside and inside of the house are 308 K and 293 K, respectively and
the respective convective heat transfer coefficients are 10W /m?K and 20W /m?K . Calculate (i)

the rate of heat transfer through the wall and (ii) inside and outside wall temperatures.

Solution: Refer Figure given in Question 49. Let kK =1.2W /mK, L=25cm=0.25m, A=90m?,
T, =308K, T, =293K, hy =10W /m?K and hy =20W /m’K ..

Thf B ch

O Q=Wh Ar Lika+ 1N, Al

308-293

S Q= =3767.44W (Ans.)
[1/(10x90) + 0.25/(1.2x90) +1/(20x 900]

(ii) In steady state conditions, the rate of heat transfer through the wall remains constant.

Thus for determining outside wall temperature (T,), we have the following expression.
Q=h AT —T))
376744 =10x90x(308—T,) =..T, =303.8 K (Ans.)

And for determining inside wall temperature (T,), we obtain the below expression.
Q=hA(T, -Ty)
376744 =20x90x (T, —293) =..T, =295.09 K (Ans.)

1.29. Combined heat transfer mechanisms for convection and radiation heat transfer in parallel: A
surface of emissivity & and area A at very high temperature T, exposed to the surrounding air at

temperature T, involves convection and radiation simultaneously. The total heat transfer at the

surface can be determined by adding the convection and radiation heat transfer components
working in parallel as schematically shown in below Figure using electric analogy.

Rcmnv QCOH\/ -I-a
Q
A Rrad Qrad Ta
Let h and h, be the convective and radiative heat transfer coefficients, respectively. The rate of

heat transfer from the surface can be expressed as below.

Q=Q,, +Q.s =hAT, -T,)+ AT, -T,%) or
Q=hA[T,-T,)+hA(,-T,)

or Q = (h + hr)A(rs _Ta) = hcombined A(Ts _Ta)
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Here, h = (h+h,) is the combined heat transfer coefficient.

combined

Example 1.11. A steam pipe of diameter 40 cm and length 10 m having a surface temperature of
500 K is placed in air at room temperature of 298 K. If the emissivity of the pipe is 0.86 and the

convective heat transfer coefficient is 20W /m?K , calculate the heat loss from the given pipe.
Solution: Let d=40cm=0.04m, 1=10m, T,=500K, T,=298K, £=0.86 and
h=20W/m°K.

A=7dl = 7x0.04x10=1.257 m?

Heat loss due to combined modes of convection and radiation can be given as below.
4 4
Q = Qconv + Qrad = hA(Ts _Ta) + gOA(Ts _Ta )

Q=20x1.257x(500—298) + 0.86x5.67x10°® x1.257x (500" — 298")
.. Q=842577TW (Ans.)

Example 1.12. The surface of a horizontal steel plate with k = 45W /m °C measuring 0.9 m long x

0.6 m wide x 0.025 m thick is maintained at a uniform temperature of 305°C and the plate loses 250
W by radiation. If air at 20°C temperature and with convective heat transfer coefficient of

25W /m? °C is blown over the plate, calculate the temperature on inside surface of the plate.

Solution: Let k =45W/m°C, 1=09m, b=0.6m, L=0.025m, T, =305°C, Q4 = 250W,
T,=20°C and h=25W /m?°C. Let T, be the temperature on inside surface of the plate as

shown in below Figure.

Air :: Ta‘ h Qrad y Qconv
—_— TS T i
Plate >, &k IL
Ti Qcond ?

A=1xb=0.9%x0.6=0.54m?

Now Qg = Q. + Qag (Under steady state conditions)
- kA(TS—ETi) =hA(T, -T,)+250

(305-T))

—45x0.54x = 25x 0.54x (305— 20) + 250

(305-T) =—4.2=>..T, =309.2 °C (Ans.)

Example 1.13. The surface with & = 0.8 of a metal plate at 450 K dissipates heat to the air at 308 K
by convection and radiation. The thermal conductivity of the plate is 50W /mK and heat is

conducted through the plate to its surface. If the convective heat transfer coefficient is

30W /m?K , calculate the temperature gradient in the plate.
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Solution Refer Figure in Question 54. Let £=0.8, T, =450K, T, =308K, k =50W /mK and
h=30W/m°K .

Qund = Qv T Qrag (Under steady state conditions)

ar _
dx

Thus —50x (Z—T =30x(450-308) +0.8x5.67x107° x (450" —308")
X

— kA hA(T, - T,) + eoA(T," - T,*)

. dT 5711841

S—= =-114.24 K/m (Ans.)
dx 50

Example 1.14. The hot combustion gases of furnace are separated from ambient air at 303 K by a 15
cm thick brick wall with k=1.2W /mK and £=0.8. Under steady state condition, if the

temperature of outer surface is 373 K, the convective heat transfer coefficient of the air adjoining
this surface is 20W /m?K and area is unity, using electrical analogy calculate the brick inner

surface temperature. Take shape factor as unity.

Solution Refer below Figure. Let T, =303K, L=15cm=0.15m, k=1.2W/mK, £=038,
T,=373K, h=20W/m’K, A=1and F =1.

conv m: 20x1

> Q
&€ T.{_Wwall | .. —>Radiation Ty Rem o
g \?Ir—#(:onvection le(?
< L _)VZ\i Ta ‘cond Rrad
Rcond:L: 015 :0125K/W; R = L ! =0.05 K/W;
kKA 1.2x1

T,-T, 373-303

R = = =0.1412K /W
" GAe(T, —T,") 5.67x10°x1x0.8x (373" —303")

Since Ry, and R, arein parallel, thus equivalent resistance (R, ) becomes,
Ry = 1 = L =0.0374K /W
/R, +1/R, (1/0.05)+(1/0.1412)
Now Q= L-T = L-T, (Under steady state condition)
Rcond Req

T,-373 373-303

Thus =
0.125 0.037

=..T,=609.5K (Ans.)
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CHAPTER - 2
STEADY STATE HEAT CONDUCTION

Introduction: The specification of the temperature at a point in a material or medium of any
geometry can be expressed by choosing a suitable coordinate system such as rectangular
(Cartesian), cylindrical, or spherical coordinates. In the analysis of heat transfer, the temperature
distribution (the variation of temperature) within the given body is determined by solving
differential heat conduction equation subject to boundary conditions of the problem. After
determining the temperature distribution, the heat transfer rate at a point within the body in a given
direction can be determined by applying the Fourier’s law.

In this chapter, the basic equations of heat conduction in rectangular, cylindrical and spherical
coordinates have been derived. The heat conduction equation in rectangular coordinate system is
used for the analysis of heat transfer in solids with rectangular, square or parallelepiped shapes. The
heat conduction equations in cylindrical and spherical coordinates are useful in solving heat
conduction problems in cylindrical and spherical shaped bodies, respectively. The boundary
conditions required for describing a physical situation in the mathematical form for heat conduction
problems are also explained.

2.1. Generalized heat conduction equation in rectangular coordinates: The position of any point P
can be located in rectangular coordinates as shown in below Figure (a). Consider the flow of heat
through an infinitesimal volume element of sides dx, dy and dz in X, Y and Z directions,
respectively in rectangular coordinates as shown in Figure (b). The volume of the element becomes,
dv=dxdy.dz. Let k,, ky and Kk, be the thermal conductivities of the material in the X-, Yy - and

Z -directions, respectively and A, Ay and A, be the areas normal to the respective heat flow

directions.
B QY+dY Qz
A, H ¥ F
ce=dx A E
CB=dy Q- i dx| ___ T Qe
CD=dz dz,C G
A
DLy t
Q. QH

The rate of heat flowing into the control volume through the face ABCD can be given by Fourier
law as,

oT oT
=k A S =k (dydn) -
Q, A x L (dy )ax

The rate of heat flowing out the control volume through the face EFGH is Q and it can be

X+dx
given by Taylor expansion series (considering the first two terms only and neglecting the higher
order terms) as,

Qx+dx = Qx + ai(Qx)dX
X

The rate of heat stored in the volume element due to conduction of heat in X -direction (dQ,) can

be given as,
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_0 -0 . -0—-lo+2 __9
de - Qx Qx+dx - Qx I:Qx + OX (Qx)dx:l X (Qx)dx

Substituting the value of Q, , we get:
d0, = -2 | i (dyd2) 2" lax =2k T Jaxdydz=2 [k T Jav
OoX OX OX OX OoX OoX
Similarly, the rate of heat stored in the volume element due to conduction of heat in Y -direction

(dQ,) and z -direction (dQ,) can be given by the following equations.

_ 0 Ty do =2 [y T
dQ, = ay(ky ayjdv, dQ, az(kz - )dv

Net rate of heat stored in the element (Q,,) due to conduction of heatin X -, y - and z -directions

net

can be obtained as: Qe =dQ, +dQ, +dQ,

Thus  Q =g(kxgjdv+E kyg dv+£(kZ ﬂjdv
ox\ " ox oy\ oy oz\ * oz

Let there be constant rate of heat generation per unit volume of the element (qg) then, the rate of

heat stored in the element due to heat generation (Qg) is given as,
Q, =49, xdxdydz=q,dv

The net rate of heat stored into the element from all the three directions and rate of heat stored in
the element due to heat generation causes increase in internal energy of this element. Let the
temperature of the element increase by dT intime dt. Then, the rate of increase in internal energy
of the element (Q,,) is given as,

oT
=pxdvxcx—
Qi=p at

Here, p is the density in kKg/m?®, ¢ is the specific heat of the material of the element in J /kgK
and t isthe time in S.

The energy balance for the volume element can be obtained by applying the first law of
thermodynamics. According to this law,

Qnet + Qg = Qst

ﬁ[kxﬂjdv+£ KT dv+§(kZ@Jdv+q dv= pdve
vl ey &z : o

OX OX oz

0 oT 0 oT 0 oT oT
S . A S (o s

OX ox ) oy oy ) oz oz ot
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In heat transfer analysis, usually a material is assumed as isotropic for which K, :ky =k, =k.

Therefore, this equation becomes,

ox\ox) oyloy) oz\ oz o ot

OT T T 0 _peol _1aT

K@k kot aoat 0

In this equation, a =k/(pC) is the thermal diffusivity that tells about how fast heat diffuses

through a material and its units are m? /s . This equation is the general heat conduction equation in

rectangular (Cartesian) coordinates for heat conduction under unsteady state through a
homogeneous and isotropic material. This equation is used to analyse heat transfer in rectangular,
square or parallelepiped shaped solid bodies such as walls, cubes, plates and slabs.

Special forms of general heat conduction equation in rectangular coordinates are:
(i) For steady state heat conduction (0T /ot) =0, therefore, Equation (i) becomes,

o°T 0T o°T q
st ettt
ox® oy oz k

=0 (Poisson equation)

(i) In the absence of any internal heat generation within the body, Qg = 0, therefore, Equation (i)

becomes,

OT 0T 0T 1T
st et e T A
ox:- oy o01° a ot

(Fourier equation or diffusion equation)

(iii) For steady state heat conduction and no heat generation, Equation (i) becomes,

oT 0T 07T
2 + 2 + 2
ox~ oy- oz
dimensional (say along X -direction) steady state heat conduction and no heat generation, Equation
(i) becomes,

=0 (Laplace equation) (iv) For one

0T d’T
2 or 7 = 0
OX dx

The partial and ordinary derivatives of a function become identical when the function depends on a
single variable.

(v) For one dimensional steady state heat conduction with heat generation, Equation (i) becomes,

d°T 9

Jdo _p
dx? kK

2.2. General heat conduction equation in cylindrical coordinates: The position of any point P can
be located in cylindrical coordinates as shown in Figure (a). Consider the flow of heat through an
infinitesimal volume element of sides dr, rd¢ and dz in radial, tangential and axial directions,
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respectively in cylindrical coordinates as shown in Figure (b). The volume of the element is given as,

dv=dr.rdg.dz.

Let thermal conductivity (k), density (o) and specific heat (C) of the material do not vary with

position and q, be the constant rate of heat generation per unit volume.

Qz+dz

QHdr

H Q, (b)

(i) Radial direction (Z -¢ plane): The rate of heat flowing into the control volume through the face

ABCD can be given by Fourier law as,
oT
=-k(rd¢.dz)—
Q =—k(rdgdn) S

The rate of heat flowing out the control volume through the face EFGH is Q,,, and it can be

given by Taylor expansion series as (considering the first two terms only),
0
Qr+dr = Qr + 5(Qr)dr

The rate of heat stored in the volume element due to conduction of heat in radial direction
(dQ,) can be given as,

er = Qr _Qr+dr = Qr _‘:Qr +§(Qr)drj| = _Q(Qr)dr
r or

Substituting the value of Q, we get:

0 oT o( oT
dQ =——| —-k(rd¢.dz)— |dr=k—| r— |dr.d¢.dz
N ar[ (rd¢ )8r} ar( 8r) ¢
o°T oT o°T 10T
dQ =k| r—+— |[dr.d@d.dz=k| — + =— |dr.rd¢.dz
o & ( 8r2+8rj ? (ar2+rarj ?
o°T 10T
or er = k(W'FFE]dV

(ii) Tangential direction (I - Z plane): The rate of heat flowing into the control volume through the
face AEHD can be given by Fourier law as,

Q, = —k(dr.dz)%
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The rate of heat flowing out the control volume through the face BFGC is Q¢+d¢ and it can be

given by Taylor expansion series as,

0

(Q,)rdg

The rate of heat stored in the volume element due to conduction of heat in tangential direction
(dQ;) can be given as,

0 0
dQ¢ = Q¢ _Q¢+d¢ = Q¢ _|:Q¢ +@(Q¢)rd¢:| = —%(Q¢)I’d¢

By substituting the value of Q¢ we get:

0 or k °T k &°T
dQ¢ = —%|:— k(drdZ) @:|rd¢ = FWdrrd¢dZ = FWdV

(iii) Axial direction (r-¢ plane): The rate of heat flowing into the control volume through the face
DCGH can be given by Fourier law as,

Q, =—k(rd¢d r)i—-lz-

The rate of heat flowing out the control volume through the face ABFE is Q and it can be

z+dz

given by Taylor expansion series as,
0
Qz+dz = Qz + E(Qz)dz

The rate of heat stored in the volume element due to conduction of heat in axial direction (dQ,) can

be given as,
0 0
sz = Qz _Qz+dz = Qz _|:Qz + E(Qz)dz:| = _E(Qz)dz

By substituting the value of Q,, we get:
0 oT o°T o°T
dQ, =——| —k(rd¢.dr)— |dz=k —-dr.rdg.dz =k —-dv
Q az[ (rdg.dr) 82} oz? ¢ oz?

Net rate of heat stored in the element (Q,.) due to conduction of heat in radial, tangential and

net

axial directions can be obtained as: Q,, =dQ, +dQ; +dQ,

2 2 2
hus Qnet=k(aT 1aTjdv kot 0T

CALp Ak dv+k < dv
o> ror r’ 0¢° 0z°

The rate of heat stored in the element due to heat generation (Qg) is given as,
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Q, =9, xdr.rdg.dz =q,dv

The rate of increase in internal energy of the element (Q,) due to increase in temperature of the

element by dT intime dt is given as,
oT
= pxdvxCx—
Qst ,0 Gt

The energy balance for the volume element is given as,
Qnet + Qg = Qst

Substituting expressions of Q Qg and Q, in above equation, we get:

net /

2 2 2
k o1 —+= 1T dv+£28—-|;dv+ kgdv+ quv=pdvcﬁ
o ror r’ o¢ 0z ot
k(azT 10T 10T o7

oT
—t+t——+= dv+q,dv= pdvc—
or? ror rfogl s J Godv=rd ot

Dividing both sides by kdv, we obtain the below expression.
2 2 2
OT LaT 10T 0T\ 4 _sedT 1T
or® ror r°ogp° oz k k ot «a ot

This equation is the general heat conduction equation in cylindrical coordinates which is useful in
solving heat conduction problems for cylindrical solid geometries such as rods, tubes and pipes.

Special forms of the general heat conduction equation in cylindrical coordinates are:

(i) When temperature varies in radial direction only, Equation (i) becomes,

or
k o ot ror

o°T 14T) 4 14T 15(r )+q_g_1aT
or k oot

8r rar B

(ii) For steady state one dimensional heat conduction in radial direction and without any heat
generation, Equation (i) becomes,

1d[ dT)
rdr\ dr

(iii) For steady state one dimensional heat conduction in radial direction and with heat generation,
Equation (i) becomes,

14 rd—T q—g:O or a rd—T +q—gr:0
rdr dr k dr\ dr k

2.3. General heat conduction equation in spherical coordinates: The position of any point P can be
located in spherical coordinates as shown in Figure (a). Consider the flow of heat through an
infinitesimal volume element of sides dr, rsinfd¢ and rdé@ in r-, ¢- and @-directions,
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respectively in spherical coordinates as shown in Figure (b). The volume of the element can be given

as, dv=dr.rsindde¢.rdé.

AE =dr rdo
AB =rsingdg Q -
AD =rd6 ’

P(r, 4. 0)

X @ (o)

Let thermal conductivity (k), density () and specific heat (C) of the material do not vary with

position and qq be the constant rate of heat generation per unit volume.

(i) @-¢ plane; r -direction: The rate of heat flowing into the control volume through the face

ABCD can be given by Fourier law as below.
= —k(rsin9d¢.rd9)2—1

The rate of heat flowing out the control volume through the face EFGH is Q and it can be

r+dr

given by Taylor expansion series as,
0
Qr+dr = Qr + a(Qr)dr

The rate of heat stored in the volume element due to conduction of heat in r -direction (dQ,) can

be given as,
0 0
er = Qr _Qr+dr = Qr _‘:Qr +6_(Qr)drj| = __(Qr)dr
r or

Now substituting the value of Q,, we get:

dQ = - ‘3{ k(rsm0d¢rd9)— - ﬁ( )drsm0d¢d0
or 0 or
or dQ, :kﬁ(rzﬁjdr.w.rd—e:%g( 2g)dr.rsiné’dwdﬁ
or or r r 0 or
or dQ, = K G[rzﬁ_Tjdv
r? or or

(i) r-@ plane; ¢ - direction: The rate of heat flowing into the control volume through the face

AEHD can be given by Fourier law as below.

oT

Q, =-k(drrd@) ————
rsinfog¢
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The rate of heat flowing out the control volume through the face BFGC is Q¢+d¢ and it can be

given by Taylor expansion as,

Qo5 =Qy +———(Q,)rsinddg

r5|n06¢

The rate of heat stored in the volume element due to conduction of heat in ¢ -direction (dQ¢) can

be given as,
dQ, =Q, - =Q, - rsinéd rsinéd
Q=Q; —Quuus = Qy {Q rsmea¢(Q¢) 4 oin ea¢(Q"’) ¢
Now substituting the value of Q¢ , we get:
2
Q=-—2 | k@rrd))— T rsinodg=— 9T grrsinadgrde
rsinfog¢ rsin@og¢ resin“é o¢
k 0T
do. = z
o R r?sin? @ o¢*

(iii) r-¢ plane; @- direction: The rate of heat flowing into the control volume through the face

DCGH can be given by Fourier law as below.
. oT
=—k(rsin@dg¢.dr)—
Q ( ¢.dr) -

The rate of heat flowing out the control volume through the face ABFE is Q,,,, and it can be

given by Taylor expansion as,

Q9+d9 (Qﬁ)rde
The rate of heat stored in the volume element due to conduction of heat in @-direction (dQ,) can
be given as,
0
dQ@ = Qg _deg Qe [ (Q@)rd0i| = _@(Qe)rdg
Now substituting the value of Q, from, we obtain:
0 k 0 or
dQ, = k(rsin@de¢.dr)— [rd0 =——|sind dr.dg.rdé@
% r&&{ ( ¢ ) } ae[ ae} /
or ngzEi sin@aT dr.m.rde L 0 sm¢9a dr.rsin@d¢.rd@
r oo 06 rsiné r’sing 06 00
or dQ, = K0 SII‘IHa dv
r?sing 96 00
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Net rate of heat stored in the element (Q,) due to conduction of heatin I -, ¢ - and @-directions

net

can be obtained as, Q. =dQ, +dQ, +dQ,.

2
Thus Qnet=£2£[r2ﬂJdv+ > l_(z a-I;dv+ zk_ i(siné’—jdv
reor or resin“é o¢ r<siné 060 00

The rate of heat stored in the element due to heat generation (Qg) is given as,

Q, =q, xdr.rsingdg.rdd =q,dv

The rate of increase in internal energy of the element (Q,) due to increase in temperature of the

element by dT intime dt is given by,
oT
=pxdvxcx—
Qu=p ot

The energy balance for the volume element can be given as below.
Qnet + Qg = Qst

Substituting expressions of Q. , Q, and Qy, in above equation, we get:

2
in[rZQJdvjt - l_(z a-I;dv+ 2k_ i(sinegjdqugdv:pdvcﬁ
r<or or resin“é@ o¢ r<sind 06 0 ot

2
k{iﬁ(rzm}r 1L o1, 1 i[sinea—Tﬂdijquv:pdvcaa—I

rParl’ ar) r’sin@ a4’ r’sind o0 00

Dividing both sides by kdv, we obtain the below expression.

i 2
%ﬁ[rzﬂ} 2 .lz 6T2+ 21. i(siné?gJ +qg _ et
|reor\ or) r°sin“@o¢° r-sind oo 00

i . -
%g(rzg} 1 T, 1 a(singgj 9 _ 14T
jreor\ or

+
r’sin’@ 0¢° r*sin@ 00

or

00

This is the general heat conduction equation in spherical coordinates which is useful in analysing
heat transfer in spherical shaped solid bodies such as spherical metal balls and walls of spherical
containers.

Special forms of the general heat conduction equation in spherical coordinates are:

(i) For steady state one dimensional heat conduction in radial direction (r -direction) and in the
absence of any heat generation, Equation (i) reduces to the following form.

%i(rzd_-r) =0
r°dr dr
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(ii) For steady state one dimensional heat conduction in radial direction ( I -direction) and with heat
generation, Equation (i) reduces to the following form.

%i(rzd—Tj+q—g =0
r<dr dr k

or a I’Zd—T +q—gr2=0
dr{ dr) k

Question 4. For one dimensional steady state heat conduction derive expressions for temperature
distribution and rate of heat conduction through a plane wall with constant thermal conductivity
and without internal heat generation.

Answer: Consider steady heat conduction through a plane wall (or slab) of thickness L . Let A be its
constant cross-sectional area normal to heat flow direction, K be the constant thermal conductivity
and there is no heat generation with in this wall. The two faces of the wall are maintained at uniform

temperatures T, at X=0 and T, at X=L such that T, >T, asshown in below Figure.

/ T T,>T,
T 7 ! b A=Ixb
A l Q L
T oJ (%) -
T, +J (%) 1 R 0
kA
Q —’b\k\' T, 7~ Q A ;\k\' T To— v T,
x=0 X x=0——x=L (Thermal circuit)
L l——>
(3-D view of wall) (Front view)

The general heat conduction equation in Cartesian coordinates is given as,

o°T oT oT q, 1aT

+ + +
ox* oy* or k a ot

Since (i) 0°T/0y* =0 and 0°T/0z° =0 (1-D heat transfer), (i) T /6t =0 (Steady heat transfer)

and (iii) qy = 0 (No heat generation), therefore, we get:

d’T
dx?

. T
Integrating, we get: — =C,
dx

Integrating again, we get: T =C x+C, (i)

Here, C, and C, are arbitrary constants whose values can be obtained with the help of the

boundary conditions: (i) T =T, at X=0and (i) T =T, at Xx=L
Substituting first boundary condition (b.c.) in Equation (i), we get:
T,=C,(0)+C,=C,=T,

Substituting second boundary condition and value of C, in Equation (i), we get:
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Tz — T1

T,=C(L)+T,=..C, = i

Temperature distribution in the wall can be obtained by substituting the values of C, and C, in
Equation (i) as,

T = [—TZ [lex +T,

Differentiating above equation with respect to X, we get:

4T _T,-T,
dx L

The rate of heat conduction through the wall is given by Fourier’s law as,

Q=—kadl - kATl _yp =T
dx L L
AT AT AT Temperature difference

or Q=kA—

L L/(kA) " R Conductive thermal resistance

The term L/(KA) in above Equation is called the conductive thermal resistance or simply thermal

resistance (R,,q Or R). The thermal circuit is also shown in above Figure.
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Alternatively:

Rate of heat conduction Temperature distribution
. . kAdT Rearranging & integrating the Fourier equation
Fourier equation: Q = — dx with in the limits T =T, at X=0and T at X as,
Rearranging and integrating between the limits X T
T=T,atx=0and T =T, at x=L. QJdx=—KAJdT or Qx=KA(T,~T)
0 T
L T,
- _ KA(T, - T
Q[ dx=—kA[dT LQokAM-T)
0 T, X
QL= kA(Tl _Tz) Comparing Equations (i) & (ii), we get:
KA(T,-T) KA(T,-T,)
KA(T, - T 1m0 KA T,
Q — ( 1L 2) (I) X L
o T =(—T2 _lex +T,
L

Question 5. The outer and inner sides of the 30 cm thick wall (k = 0.8 W /mK ) are maintained at

310 K and 290 K, respectively. Determine the steady rate of heat transfer through the given wall if its
length is 4 m and height is 3 m. Also calculate the temperature at an interior point of the wall at 0.2
m distance from the outer surface.

Solution Refer below Figure. Let L=30cm=0.3m, k=08W/mK, T,=310K, T, =290K,
I=4m,b=3mand x=0.2m.

Q

T, T (%)
A "\k\» T,

x=0 3 x=L
l—>

A=Ixb=4x3=12m?

Q= kA@ =0.8x12x %) =640W (Ans.)

T :(Tz_[ﬂjqu _ [%}0.2410: 2967 K (Ans)

Question 6. Derive expression for rate of heat conduction through a plane wall with variable thermal
conductivity.

Answer: Thermal conductivity of many materials can be approximated as, kK =Kk, (1+ £T) . Here, K,
is the thermal conductivity at a reference temperature, £ is an empirical constant also called as

temperature coefficient of thermal conductivity and T is any temperature.
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T I ()
A"\' T,

k=k,(1+ fT) ———>
x=0

BN

The rate of heat conduction through a plane wall with variable thermal conductivity can be obtained
by substituting the value of K =K,(1+ £T) in Fourier Law as,

Q =—k,@+ pT)ALL
dx

Rearranging the above expression and integrating both sides within the boundary conditions (i)
T =T, at Xx=0 and (ii) T =T, at X =L as shown in above Figure.

Qde: —kOAf(1+ BT)AT = Q[L]; = —koA{T +ﬂT2} 2

7l
_M E _ T_?-Z _kO_A _ (T12 _T22)
Q= L |:(T1+ﬁ ZJ (Tz"'ﬂ ZJ}:Q_ L |:(T1 T,)+p > }
Q= k0|:1+,B(Tl —;TZ):| A(TlL_TZ) =Q=k,1+4T,) A(TlL_TZ) = kmA(—E_Tz)

Here, k., =K,(1+ £T,) is the mean thermal conductivity evaluated at the arithmetic mean

temperature, T, = (T, +T,)/2.

Question 7. The temperatures of the two surfaces of a 0.25 m thick plane fireclay wall are 1250 K
and 250 K. The thermal conductivity of the fireclay varies with temperature T in K as per the linear
relation, K(W /mK) =0.835x (1+0.00072T') . Determine (i) the steady heat loss through the wall

whichis 2mx0.8 m on aside and (ii) heat flux.

Solution: Let L=0.25m, T, =1250K, T, =250K, k =0.835x(1+0.00072T), | =2 m and
b=0.8m.

(i T - T,+T, 1250+250

g = 750K
2

k. =K, (L+ AT, ) =0.835x (1+0.00072x 750) =1.2859W /mK

A=Ixb=2x0.8=1.6m

_k,A(T,—T,) 1.2859x1.6x (1250— 250)

=8229.76 W (Ans.)
L 0.25

Q

8229.76
W g=2-

A =5143.6W /m? (Ans.)
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Question 8. Derive expression for rate of heat conduction through a composite wall under one
dimensional (1-D) steady state heat conduction and without internal heat generation. Also find the
expression for overall heat transfer coefficient.

Answer: Consider a composite wall consisting of three layers 1, 2 and 3 having a perfect contact at
the interfaces. This wall is heated on left side by a hot fluid and cooled on the right side by a cold
fluid as shown in below Figure. Here, steady one-dimension (1-D) heat conduction occurs through
the composite wall without any heat generation.

Let L,, L, and L; be thicknesses and k;, k, and k; be the constant thermal conductivities of

the three layers 1, 2 and 3, respectively,
A be the area of the composite wall normal to heat flow direction,

Ty and T, be the temperatures and h, and h, be the convective heat transfer

coefficients of hot and cold fluids, respectively,

T, and T, be the surface temperatures of the composite wall on hot fluid and cold fluid

sides, respectively, and T, and T, be the temperatures at the interfaces.

T __~Interfaces Ry =
TN Cold fluid i A
h, Q;\ @l® o VVvi R-b
pt B\\Q\ v
A T
Hotfluid A7l k | k| k%' R, _ L

Rhf Ri RZ R3 Rcf $
T T, R 1
Q T, T, T, T, Q T h A

In steady state conditions, the rate of heat transfer through the wall remains constant and it can be
given by the following expression.

T, ,ah-T LT

Q:hth(Thf _Tl):klA :k3A 3L3 A :hcf A(T4 _ch)

=k, A

_Thf - _ T,-T, _ T,-T, _ T,-T, _T4 —Ty

o QT AT LKA LIKA LIkKA 1A

Thermal resistances are given as:
Rs=1/h,A; R =L/kKA; R, =L /k,A; R, =L /k,A; R, =1/h; A

Ty _T-T, T,-T,_ T,-T, T-T,
Rhf Rl RZ RS Rcf

Thus Q=

From above Equation, we get:
T —T=QRy; T, -T,=0QR; T,-T, =QR,; T, =T, =QRy; T, - T; =QR;

Adding these expressions, we get: T, —T; =Q[R; + R + R, + R, + R;]
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_ Thf _ch _ AT
R +R +R, + R, +R; ZR

~Q (i)

Equation (i) can also be written in terms of overall heat transfer coefficient (U) as,

Q=UA(T,; —T,)=UAAT (i)

1
By comparing Equations (i) and (ii), we get: U=—+—
y comparing Equations (i) (i), we g AZR
1

o U=
' AlL/h, A+ L/KAT L KA+ L kA +1/h, Al

1
U =
[/ h, + L /K + L, /K, + Ly Tk, +1/h, ]

The overall heat transfer coefficient (U) is widely applied in the analysis of the problems related
with composite walls and design of heat exchangers.

Question 9. Find the values of total thermal resistance and rate of heat conduction for the
composite wall shown in below Figure using electrical analogy.

T T, T, T,

1
o+ Dy @D k @ k, Cold fluid
p14 Q2 O g0 Yy
Hotfluid A" @ k.| ks [@® Kk, T, hy
<L Lo L >

Answer: Equivalent thermal resistance circuit for the given composite wall becomes,

Here, Ry =1/h A, R =L/kA, R, =L /KA, R=L/kKA, R =LIkA, R=L/kA,
Rs = Ly /ksAs and Ry =1/h,A.

The equivalent thermal resistances (R, ), and (R), for conduction through the composite wall

containing thermal resistances in parallel can be evaluated as below.

1 1 1 1
=—+—=>"Rh=ro"7—
Ry R R 1/R +1/R,
1 1 1 1 1
=—+—+—=..(Ry), =
(Ry) R R, R (Ra): 1/R,+1/R, +1/R,

Total thermal resistance,
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ZR = Ry +(Req)l+ Rs +(Req)2 + Rcf

Thf _ch _ AT
Rhf +(Req)1+R3+(Req)2+Rcf ZR

Q=

Question 10. A steam boiler furnace is made of three layers of thicknesses 25 cm, 10 cm and 15 cm
with thermal conductivities 1.64W /mK, k and 9W /mK, respectively. The hot gas temperature
is 1520 K having a convection coefficient of 25W /m*K and the wall temperature inside the
furnace is 1375 K. Determine the unknown thermal conductivity if the outside wall is exposed to air
at 297 K and the convection coefficient is 12W / m?°K .

Solution: Refer below Figure. Let L =25cm=0.25m, L,=10cm=0.1m,
L,=15cm=0.15m, k, =1.64W/mK, k, =k, kK;=9W/mK, T, =1520K,

h, =25W/m’K, T, =1375K, T, =297K and h, =12W /m’K .

T __~Interfaces
i N T Cold fluid
T ®
h, 1 \ @ 1>Q ¥ y ¥
A A ? Q — T, \TS h
cf
Hotfluid A ko |k }'T“\‘
L, DL Ty

Heat flux under steady state can be given as below.

Q.
A

_ Tl_ch
L/ k4L ky+ L ky +1/hy

q hf (Thf _Tl)

1375- 297
(0.25/1.64) + (0.1/k) + (0.15/9) + (1/12)

Thus  25x (1520-1375) =

3625x (0.2524+ %) =1078

S k=222W /mK (Ans.)

Question 11. Find the steady 1-D heat flow rate through the composite wall shown in below Figure.

Take k;, =150W /mK, k, =30W /mK,, k; =65W /mK and k, =50W /mK .

Solution: Refer below Figure (a). Let L =3cm=0.03m, L,=L,=8cm=0.08m,
L,=5cm=0.05m, k, =150W/mK, k, =30W /mK, k, =65W /mK and k, =50W /mK .

The thermal circuit for the composite wall is shown in Figure (b).

673 K 333K
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L 0.03 L, 0.08

= ~0.02K/W; R,=—2 = =0.89 K /W
kA 150x(0.1x0.1) k,A,  30x(0.1x0.03)

Rlz

L, 0.08 L, 0.05

R, = = =0.176 K/W; R, = = =0.1K/W
kA, 65x(0.1x0.07) k,A, 50x(0.1x0.1)

Resistances R2 and R, are in parallel, thus equivalent resistance (Req) becomes,

1 1

R, = _ =0.147 K /W
" 1/R,+1/R, (1/0.89)+(1/0.176)

The total thermal resistance can be obtained as below.
ZR =R+ Req +R,=0.02+0.147+0.1=0.267 K /W

The steady heat flow rate through the composite wall can be evaluated as,

AT _673-333_157341W (ans)

O SR 0267

Question 12. The thickness of a furnace wall made up of firebricks (k=0.8W/mK) and
insulation (k =0.12W /mK) is 30 cm. Evaluate the thickness of each layer and the rate of heat loss

per unit area of the wall, if under steady state condition the furnace sidewall temperature is 1580 K,
ambient side wall temperature is 302 K and the intermediate temperature is 1420 K.

Solution: Refer below Figure. Let k,=0.8W/mK, k, =0.12W /mK
L=L +L,=30cm=0.3m, T, =1580K, T,=302K, and T,=1420K. Let L, be the
thickness of firebricks, thus L, =(0.3—L;) be the thickness of the insulation.

.
T~ @
Q—>®k1 .kz\:l.:q
=L L, >
Since q—Tl_Tz_Tz_Tg or 1580-1420  1420-302
Lk Lk L/08  (03-1)/012

- L, =0.1465m (Ans.)
L,=0.3-L =0.3-0.1465=0.1535m (Ans.)

_T,-T, 1580-1420

- = =873.72W /m? (Ans.)
L /k, 0.1465/0.8

Question 13. A 60 cm thick wall (k =1.2W /mK) of a furnace is to be insulated with a material
(k =0.2W /mK) so that steady heat loss per square meter would not exceed 1200 W. Determine

the thickness of insulation if the inner and outer surface temperatures are 1470 K and 300 K,
respectively.

39



Solution: Refer below Figure. Let L, =60cm=0.6m, k =12W/mK, k,=02W/mK,
q=1200W /m?, T, =1470K and T, =300K . Let L, be the thickness of the insulation.

T, \T @
120 T

3
=L L, >

__T-T_opp. . 1470-300
L /k, +L,/k, (0.6/1.2) +(L,/0.2)

q

., =0.095mor 9.5cm (Ans.)

Question 14. An exterior wall of a house is made up of 10 cm layer of common bricks
(k =0.72W /mK) followed by a 4.2 cm layer of gypsum plaster (kK =0.46W /mK). Evaluate the

thickness of loosely packed rock wool insulation (k =0.06W /mK) to be added to reduce the
steady heat loss through the wall by 85%.

Solution Refer below Figure. Let Ly =10cm=0.1m, k, =0.72W/mK, L, =4.2cm=0.042m,
k, =0.46W/mK, k, =0.06W /mK and g, =0.150,.

Let L, be the thickness of rock wool insulation and AT be the temperature difference across the

composite wall that remains the same in both the cases.

Bricks 4 Plaster Brickso  Plaster4  ~Wool

o'f'@ ‘o o'
0> |(1 k2 >0, qz_) kl kz k3 > a;
e L1+ LZ—H e L1—>K— L2—>I L3 e

Heat flux under steady state for the composite wall of brick and plaster is given as,

AT AT

- _ = 4.3442AT
L/k +L,/k, (0.1/0.72)+(0.042/0.46)

G

Since addition of rock wool insulation reduces heat loss by 85%, therefore, heat flux will become

15% of q, i.e., 0, =0.15¢, =0.15x4.3442AT =0.65163AT .

B AT
L /k + L, 7k, + Ly /K

Now (@,

AT
(0.1/0.72) + (0.042/0.46) + (L, /0.06)

Thus  0.65163AT =

. L, =0.078mor 7.8cm (Ans.)

Question 15. The composite wall of a room made of 28 cm thick common bricks (k =0.7 W / mK)
on the inside, followed by a 3.2 ¢cm thick mortar layer (k=0.64W /mK) and 12 cm thick of
limestone layer (k =0.6W /mK). The inside and outside air temperatures are 300 K and 268 K,

respectively and the corresponding convective heat transfer coefficients are h,, = 5W /m?K and
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hy =10W /m?K . Evaluate (i) overall heat transfer coefficient, (i) steady rate of heat transfer per

unit area and (iii) temperature at the interface of bricks and mortar.

Solution: Refer below Figure. Let L, =28cm =0.28m, k, =0.7W/mK, L, =3.2cm=0.032m,
k,=0.64W/mK, L =12cm=0.12m, k,=0.6W/mK, T, =300K, T, =268K,

h, =5W/m’K and h, =10W /m?K .

% Interface

T, @ ® Cold air
by Q—>\T2€T >Q Vb
Ay hy

3
Hotair A| k k, bk\3"T“\.
L, DLl Ty

cf

1/h, =1/5=02m°K /W ; L, /k, =0.28/0.7 = 0.4 m°K /W
L,/k, =0.032/0.64=0.05m*K /W ; L,/k, =0.12/0.6 = 0.2 m*K /W

1/h, =1/10=0.1m°K /W

(i) The overall heat transfer coefficient can be obtained as,

1 1

U= = =1.053W /m*K
1/h, +L/k +L,/k,+L,/k;+1/h; 0.2+0.4+0.05+0.2+0.1

(i) Steady rate of heat transfer per unit area can be calculated as,
q=U(T, —T4)=1.053x(300—-268) =33.696W /m? (Ans.)

(iii) Temperature at the interface of bricks and mortar can be evaluated as,

Ty —T. -
q=—"—2— or 33.696= 300-T,
Uh, + L7k 0.2+0.4

. T,=300-33.696x0.6 =279.78 K (Ans.)

Question 16. A furnace wall consists of 200 mm layer of refractory bricks (kK =1.52W /mK), 6 mm
layer of steel plate (k =45W /mK) and 100 mm layer of insulation bricks (k =0.138W /mK).
The maximum temperature of the wall is 1423 K on the furnace side and the minimum temperature
is 313 K on the outermost side of the wall. If the steady heat loss from the wall is 400W /m? and

there is air gap between the layers of refractory bricks and steel plate, find how many mm of
insulation brick is the air gap equivalent? Also determine the temperature of outer layer surface of
the steel plate.

Solution: Refer below Figure. Let L =200mm=0.2m, k, =1.52W/mK,
L, =6mm=0.006m, k; =45W /mK, L, =100mm=0.1m, k,=0.138W/mK,
T, =1423K, T, =313K, g = 400W /m?, Air gap: L, =xmm=0.001x m and k, =Kk, .
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Refractory Air  Steel Insulation
bricks 1 gap plellte r bricks
Lra['e[ol[@;
q - T, .\T“\ T, ¢ pq
k1 kz 3 k3 \TS
L, > L, kL

L, /k =0.2/1.52=0.1316 m*K /W ; L,/k, = 0.001x/0.138 = 0.0072x m°K /W

L, /k, = 0.006/45=0.00013m’K /W ; L,/k, =0.1/0.138=0.7246 m*K /W

: Tl_TS
Since (=
L/k +L, /K, + L, /K, +L,/k,
Thus 400 1423-313

B 0.1316+0.0072x +0.00013+0.7246
C.X=266.48mm (Ans.)

Temperature of outer layer surface of the steel plate can be evaluated as below.

q:ﬂ or 4.00:1-4_—313
L, /k, 0.7246

.. T, =400x0.7246+313=602.84 K (Ans.)

Question 17. For one dimensional steady state heat conduction derive expressions for temperature
distribution and rate of heat conduction through a hollow cylinder with constant thermal

conductivity and without internal heat generation.

Answer: Consider steady state one dimensional heat conduction through a hollow cylinder of length

L whose both ends are insulated. Let I, be the inner radius, I, be the outer radius, T, and T, be

the constant temperatures at inner and outer surfaces, respectively, such that T, >T,, Kk be the

constant thermal conductivity and there is no heat generation (Refer below Figure). Here, heat flows
only in radial direction. Thus temperature is only a function of I -direction i.e., temperature

distributionis T(r).

_ In(r, /1)
27kL

Q Q

(Thermal circuit)

T,

The general heat conduction equation in cylindrical coordinates is given as,

o°T 1T 10T o0T) q, 1aT
Sttt |t —
or ror r°og° oz

Since (i) 0°T /0¢* =0 and 0°T /62° =0 (1-D heat transfer in radial direction only), (i) 6T /6t =0

(Steady heat transfer) and (iii) qy = 0 (No heat generation), therefore, we get:
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d’T  1dT

- 4+ - =

dr> rdr

d( dT
or —|r— |=0 ~@/r)=0

dr( drj L @/r)=0]

. dT dT C,
Integrating, we get: r—=C, or — =

dr dr r

Again integrating, we get: T=C,Inr+C, (i)

Here, C, and C, are arbitrary constants whose values can be obtained with the help of the two

boundary conditions: (i) T =T, at r=r and (i) T =T, at r =1,.

Applying first boundary condition, i.e.,at r =1, T =T, we get:
T,=C,Inr,+C, (ii)

Applying second boundary condition, i.e.,at r =1,, T =T,, we get:
T,=C,Inr, +C, (iii)

From the expressions (ii) and (iii), we obtain the values of C, and C, as,

_ Tl_TZ _ Tz _T1

L= = and C, =T, -C,Inr, =T, T,
In(r,/r,) In(r,/r)

rvearme UL
In(r, /)

Temperature distribution can be obtained by substituting the values of C, and C, in Equation (i) as,

T=le=h pgpo - ol

“In(r, /r) iy (iv)

Differentiating above Equation with respect to I, we get: — =

dr rin(r,/r)

Thus, the rate of heat conduction through the cylinder is given by Fourier’s law as below.

Q:—kAd—T=—k(2;zr|_)—T2_Tl —okl T o hol AT
dr rin(r,/r,) In(r,/r,) In(r,/r) R
27KL
In(r, /1) . - . :
The term W in above Equation is called the conductive thermal resistance or thermal

resistance (R,,q Or R) for hollow cylinder. The thermal circuit is also shown in above Figure.
dT dT
Alternatively: Q = —kAd— = —k(27ZTL)d— (Fourier equation)
r r

Rearranging and integrating between the limits T =T, at r=r,and T =T, at r =T, as,
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Zdr T2
Qsz-zﬂijdT
n T

Qlinr]: = -2k I7

— ZﬁkL(Tl _Tz) _ T1 _Tz _£
Inr, /) In(r,/r) R
27KL

~0Q

Question 18. A long hollow cylinder with thermal conductivity 80W /mK  has inner and outer radii

as 10 cm and 20 cm, respectively. If its inner and outer surfaces are maintained at constant
temperatures of 420 K and 320 K, respectively, then calculate (i) the steady rate of heat loss through
the pipe per unit of its length and (ii) the temperature at a point halfway between the inner and the
outer surfaces.

Solution: Let k=80W/mK, r=10cm=01m, r,=20cm=0.2m, T, =420K,
T,=320K, L =1m and r be the radius at halfway between the inner and outer surfaces.

_ 27kL(T, —T,) _ 27 x80x1x(420—320)

(i) Q =7251776W (Ans.)

In(r, /) In(0.2/0.2)
(i) [ n+r, :0'1+O'2:0.15m
2 2
Since T =—2"1 jnproT,— 2N jny
In(r, /1) In(r,/r,)
_ 320420 | 615, 490 320-420 61 3615 K (ans)
In(0.2/0.2) In(0.2/0.2)

Question 19. A long hollow cylindrical tube has inner and outer radii as 4 cm and 8 cm, respectively.
A current of 5 ampere flows in the electric heater fitted into it along its length to maintain a steady
temperature difference of 373 K between the inner and outer surfaces. If resistance of the heater is
20 ohm per meter of its length then find the thermal conductivity of tube material.

Solution: Let IL=4cm=0.04m, r,=8cm=0.08m, I =5A, AT =373K, and
R, =20Q/m.
Since —=M= zx&

L In(r,/r) L

K= 12(R,/L)xIn(r,/r}) 5% x20xIn(0.08/0.04)

=0.148W /mK (Ans.)
27AT 27 x373

Question 20. Derive expression for rate of heat conduction through a hollow cylinder with variable
thermal conductivity.

Answer: Rate of heat conduction through a hollow cylinder with variable thermal conductivity can
be obtained by using kK = —K,(1+ £T) in Fourier Law as,
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Q :—k0(1+ﬁ’T)x27erx(;—-:

Rearranging and integrating both sides within the boundary conditions (i) T =T, at r =1, and (ii)

T =T, at r =r, as shown in below Figure.

I

QT = 27k j(1+ AT)AT = Q[inr]? =24k {T +,BT2}

1 Tl

_ 27k, T T, 27k, T2 =T,
Q_m(rz,m[[wzj [Tzwzﬂjg_m(rz,m{(l 1)+ p0 T }

274k, (T1+T) 27l xky(L+ BT, ) x (T, = T,)
Q= In(r/r)(Tl 2){1 P } Q= Inr, /1)

The mean thermal conductivity K, =Kk,(1+ fT,) is evaluated at mean temperature

T,=(T+T,)/2.

27k, (T, ~T,)

SQ= o

Question 21. The inside and outside radii of 4 m long thick walled copper pipe are 2 cm and 4 cm
respectively. If the inner and outer surfaces are maintained at 580 K and 550 K, respectively and
thermal conductivity of pipe varies with temperature T in K as per the linear relation,
k =[380x{1—0.00008T —170)}JW /mK , determine the steady rate of heat loss through the

pipe.

Solution: Let L=4m, n=2cm=0.02m, r,=4cm=0.04m, T, =580K, T, =550K and
k =[380x{1-0.00008T -170)}JW /mK..

Since Kk, =k,(1+ £T,)

1 (L -170) ; (T, ~170) _ (580-170) ; (550-170) _ 395k

Here

-k =380x[L—0.00008T_]=380x[L—0.00008x 395] = 367.99W / mK

27k (T,—T,) 27x4x367.99x (580—550)

Q= In(r,/r) In(0.04/0.02)

=400.29kW (Ans.)
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Question 22. For one dimensional steady state heat conduction derive expressions for rate of heat
conduction through a composite cylinder without internal heat generation. Also find the expressions

for overall heat transfer coefficient.

Answer: Consider a composite cylinder or coaxial cylinders (e.g., lagged pipe carrying steam) of
length L consisting of two layers 1 and 2 having a perfect contact at the interfaces as shown in
below Figure. Hot fluid is flowing inside while the outer surface is exposed to the cold fluid. Let
steady radial heat conduction (one-dimensional) occurs through the composite cylinder without any

heat generation.

Q

Hot fluid

Ty E T, Rie R R, Ry T,
n = VMV EVWWEWW AW
hCf g Q T1 Tz T3 Q
(Thermal circuit)
Cold fluid
Let I, be the inner radius, I,, I; be outer radii of the two layers 1 and 2, respectively, and kl,

k2 be the constant thermal conductivities of the corresponding layers,

A =2l and A =2ar,L be the internal and external surface areas of the composite

cylinder, respectively,

Ty, T4 be the temperatures and h,, h, be the convective heat transfer coefficients of

hot and cold fluids, respectively,

T, and T, be the surface temperatures of the composite cylinder on hot fluid side and cold

fluid side, respectively, and T, be the temperature at the interface.

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer

remains constant and it can be given as,

Q= hth(Thf _Tl) =

27zle(T1 _Tz) _ 27Zk2L(T2

T) _

In(r, /1) In(r,/r,)

Thf _Tl Tl_Tg T2 _T3 _T3_ch

or  QE T TNy Ty T 1

Ah, 2L 27,L  Ah,
Here, various thermal resistances are given as,

In( /) o _In(e/r,)

R - I - ’
" PR= 27k L % 2zk,L

A1 hhf

- T-T, _T,-T,_T-Ty
Rhf Rl RZ Rcf

From above Equation, we get:

Thus Q=

46

cf

hf A\) (TS ch )

1

- A\)hcf



Ty —T=0R; TT-T, =QR;; T,-T; =QR,; T, - T4 =QR;
Adding, we get: T, — T, =Q[R; +R +R, + R, ]

_ Thf _ch _ AT
Ry +R+R,+R; DR

~Q (i)

The rate of heat transfer from the hot to cold fluid can also be written as,
Q=UA(T,, —Td)zUAAT (ii)

Here, U is the overall heat transfer coefficient and A is the area normal to the direction of heat
flow.

By comparing Equations (i) and (ii), we obtain:

AT
U=————
AY R
For a hollow cylinder the area varies with radius. Therefore, it becomes necessary to specify the area

on which U is based. Thus depending on whether the inner or outer area is specified, two values
are defined for U are the overall heat transfer coefficient based on inner area (U;) and the overall

heat transfer coefficient based on outer area (U,) as,

1 1
VTAYR 1 1
[ﬁm(@}ﬂln[@jﬂ}
hhf kl r;l. k2 r-2 r3 hcf
{fshfam(fzjﬂ.n[%}l}
rl hhf kl rZI. k2 IF2 hcf

The concept of overall heat transfer coefficient in cylindrical system is used in the design of heat
exchangers.

and

Question 23. A steel pipe (k =55W /mK) of inner diameter 10 cm and 11 cm outer diameter is
insulated with a material (k =0.15W /mK)) of thickness 3.5 cm. The pipe carries a hot fluid at a

temperature of 360 K with a convective heat transfer coefficient of 600W /m?°K . If outside

temperature and convective heat transfer coefficient are 298 K and 10W /m?K, respectively,

calculate (i) the steady loss of heat per meter length of pipe and (ii) the overall heat transfer
coefficient based on inner surface.

Answer: Refer below Figure. Let k, =55W/mK, d,=10cm=0.1m, d,=11cm=0.11m,
k,=0.15W/mK, t=35cm=0.035m, T, =360K, h, =600W /m?K, T4 =298K and
h, =10W /m°K.
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T, Ry R R, Ry T,
Q L T, T, Q

(Thermal circuit)

Cold fluid

r=d,/2=01/2=005m; r,=d,/2=0.11/2=0.055m
[, =1, +t=0.055+0.035=0.09 m

(i) The steady loss of heat per meter length of pipe can be given as below.

Q __ 27 (T —Ty)
L 1, In(r/n)  In(s/r) , 1
L hhf n kl kz hcf I3
Thus 2o 27 x (360—298)
L [ 1 . In(0.055/0.05)  In(0.09/0.055) 1 }
| 600x0.05 55 0.15 10x0.09

% =87.95W /m (Ans.)

(ii) The overall heat transfer coefficient based on inner surface can be given as below.

U, == L
1+n|n(rzj+n.n(ra}nl}
_hhf K, L) ok L) Ihy
Thus U, == 1
1 0.05, [(0.055) 0.05 0.09 005 1
+ In + In + X —
| 600 55 0.05 0.15 \0.055) 0.09 10

.U, =4515W /m?K (Ans.)

Question 24. A 3 cm outer diameter steam pipe is to be covered with two layers of insulation each
having thickness 2.5 cm. The average thermal conductivity of one material is five times of the other.
Determine the percentage decrease in heat transfer, if better insulating material is kept next to pipe
surface than it is as outer layer. Assume that the outside and inside temperatures are fixed and

other conditions remain same.

Solution: Refer below Figure. Let d, =3cm=0.03m, t, =t, =t=25cm=0.025m, k; be the

thermal conductivity of first layer (better insulating material), 5k; be the thermal conductivity of

second layer, T, be the inside temperature and T; be the outside temperature.
rn=d,/2=0.03/2=0.015m; r,=r,+t=0.015+0.025=0.04 m;

r,=r,+t=0.04+0.025=0.065m
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Better insulating

material layer >4
‘ Q

(@ (b)

Case |: When better insulating material layer is kept inside. Refer Figure (a).

o 2AM-T) 272LAT -
=T, /1) , In(r,7r;) ~ In(0.0470.015) _In(0.065/0.04) =1.8557k,LAT
k, 5k, k, 5Kk,

Case Il: When better insulating material layer is kept outside. Refer Figure (b).

_ o 2AmM-T) 27LAT B
=, /) . In(r,7r,) ~ Tn(0.04/0.015) 1n(0.065/0.04) ~ 2.9347K LAT
5k1 kl 5kl k1

Since Q, >Q,, therefore, better insulating material layer next to the pipe decreases the heat

transfer rate. The percentage decrease in heat transfer rate is obtained as below.

Q-Q 100=2934-1855 00— 36.8% (Ans)
2, 2.934

Comment: For the insulation of a cylindrical pipe, material with lower thermal conductivity should
be applied next to the hot surface.

Question 25. A steel pipe (k=30W /mK) of inner diameter 5 cm and 6 cm outer diameter is
insulated with a material of thermal conductivity 0.056W /mK . If the temperature at the interface
between pipe and insulation is 585 K, while the temperature on outside surface of insulation must
not exceed 345 K, with permissible heat loss of 705W /m then, calculate (i) the required thickness
of insulation and (ii) the temperature at the inside surface of pipe.

Solution: Refer below Figure. Let k, =30W/mK, d,=5cm=0.05m, d,=6cm=0.06m,
k, =0.056W/mK, T, =585K, T, =345K and (Q/L)=705W /m. Let t be the thickness of

insulation and T, be the temperature at the inside surface of pipe.

Q
o
%)
T3
() r=d/2-005/2=0025m; r,=d,/2=0.06/2=0.03m

The steady rate of heat transfer through insulation layer can be given as below.

Q _ 27k, (T, -T,) or 705 27 x0.056x% (585—345)
L In(r,/r,) In(r,/0.03)
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o j: 277x0.056x (585-345) _ 1100
0.03 705

o =e""%x0.03=0.0338m

~t=r-r,=0.0338-0.03=0.0038m or 3.8 mm (Ans.)

(ii) The steady rate of heat transfer through the pipe can be given as below.

Q_2a(T-T,) o 27x30x(T, ~585)

L In(r, /1) In(0.03/0.025)

_ 705x1n(0.03/0.025)

=T
27x30

+585=585.68 K (Ans.)

Question 26. A 5 m long steam pipe (k =45W /mK) of 4.8 cm inside diameter and 6.4 cm

outside diameter is insulated with a 2.6 cm radial thickness of high temperature insulation
(k=1.1W /mK). The surface heat transfer coefficient for inside and outside surfaces are

4650W /m?*K and 11.5W /m?K , respectively. If the steam temperature is 473 K and ambient

temperature is 298 K, determine (i) rate of heat loss from pipe, (ii) temperature at the interface and
(iii) overall heat transfer coefficients.

Solution: Refer below Figure. Let L=5m, k =45W/mK, d,=48cm=0.048m,
d,=6.4cm=0.064m, t=26cm=0.026m, k,=1.1W/mK, h,6 =4650W/m’K,
hy =11.5W/m’K, T, =473K and T, =298K.

r=d,/2=0.048/2=0.024m; r,=d,/2=0.064/2=0.032m
[, =1, +t=0.032+0.026=0.058m

S S S 1
" h,A 2mh,L 27x0.024x4650x5

=2.852x10"* K/W

_In(r, /1) _In(0.032/0.024)
27K, L 27w x45%5

=2.035x10"* K/W

R

n _In(r,/1,) _ In(0.058/0.032)

5 =0.01721K /W
27K, L 27 x1.1x5

1 1 1

Ry = = = =0.04772K /W
hyA, 2ah,L 27x0.058x11.5x5
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Thus z R =2.852x10" +2.035x10* +0.01721+0.04772=0.06542 K /W
(i) The rate of heat loss from pipe can be evaluated as follows.

B Thf _ch _ 473—298

Q= >R 0.06542

=2675.02W (Ans.)

(ii) The steady rate of heat transfer through the pipe can be given as below.

_ Thf _Tz N . .
Q= (Considering first two thermal resistances)
Ry +R;

Thus T,=T,-Qx(R;+R)
T, =473-267502x(2.852x10"* +2.035x107*) =471.69 K (Ans.)

(iii) The overall heat transfer coefficient based on inner area can be evaluated as below.

AD'R 2mLY R 27x0.024x5x0.06542

=20.27W /m°K (Ans.)

The overall heat transfer coefficient based on outer area can be evaluated as below.

1 1 1

U = = —
° ADR 2mLY R 27x0.058x5x0.06542

=8.39W /m?K (Ans.)

Note: U, >U_as A <A

Question 27. Saturated steam at 385 K flows inside a copper pipe (k =401W /mK) of length 3 m
having inner diameter of 8 cm and outer diameter of 10 cm. The surface heat transfer coefficient for
inside and outside surfaces are 10000W /m?K and 15W /m?K, respectively. Determine the

steady rate of heat loss from pipe if it is located in a room at 300 K. How this heat loss rate would be
affected if pipe is lagged with 5 cm thick insulation (k =0.2W /mK).

Solution: Refer below Figure. Let T,, =385K, k, =40IW/mK, L=3m, d,=8cm=0.08m,
d, =10cm=0.1m, h, =10000W /m’K, h, =15W /m’K, T, =300K, t=5cm=0.05m
and k, =0.2W /mK.

r=d,/2=0.08/2=0.04m; r,=d,/2=0.1/2=0.05m; r, =1, +t=0.05+0.05=0.1m

Q N Q
T, ) )
hd @l)

Insulatin
(b)

Case I: When the pipe is not insulated. Refer Figure (a)

@
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Q _ 27ZL(Thf _ch)
o1 +In(r2/r1)+ 1

A K, rhy
AL 27 x 3% (385—-300) B
CATTT T inos/oosy 1 SO
0.04x10000 401 0.05x15
Case Il: When the pipe is insulated. Refer Figure (b)
Q _ 27ZL(Thf _ch)
21 +In(r2/rl)+ln(r3/r2)+ 1
r1hhf kl kZ r3hcf
A 27 x 3x(385—-300) B
PQ=— Tn(0.05/004) In(0.1/005) 1 33365W
0.04x10000 401 0.2 0.05x15

Since Q, < Q,, therefore, addition of insulation decreases the heat transfer rate. The percentage
decrease in heat transfer rate is obtained as below.

Q-Q, <100 = 119891-333.65

a9 119891 x100=72.17% (Ans.)
1

Question 28. A steel pipe having an external diameter of 40 mm carrying steam has its outer surface
at 475 K. It is to be lagged with a layer of insulating material of thermal conductivity 0.08W /mK  to
reduce the heat loss by 60%. The ambient temperature is 304 K and the convective heat transfer
coefficient is T0W /m?K . What thickness of lagging must be added when all other conditions
remain unchanged? Neglect resistance due to pipe material.

Solution: Refer below Figure. Let d;,=40mm=0.04m, T, =475K, k =0.08W/mK,
Q,=04Q, T, =304K, hy, =10W/m?K, L=1m, 1, be the radius of pipe after adding the

insulation and t = (r, — ;) be the thickness of lagging.

r=d,/2=004/2=0.02m

Q

T _

h < o\
Tl

Pipe

The rate of heat loss from pipe without any insulation as shown in Figure (a) can be given as below.

Q =2mh,L(T,—T,;)=27x0.02x10x1x (475—-304) = 2149W

Since addition of lagging (Figure (b)) reduces heat loss by 60%, therefore, allowable heat loss will

become 40% of Q,,i.e., Q,=0.4Q, =0.4x2149=8596W .
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24 (T, -Ty) _ 2mx1x(475-304)
Q= In(r, /1) oL Thus  85.96= In(r,/0.02) 1
k, r,hy 0.08 r,x10

Since

or 12.5|n( "2 j+0—'1=12.49
002) r,

This equation is to be solved for I, by trial and error, which would give 1, =0.0456m.

~t=r,—r,=0.0456-0.02 =0.0256 m or 25.6 mm (Ans.)

Question 29. For one dimensional steady state heat conduction derive expressions for temperature
distribution and rate of heat conduction through a hollow sphere with constant thermal conductivity
and without internal heat generation.

Answer: Consider steady state one dimensional (radial direction) heat conduction through a hollow
sphere. Let I, be the inner radius, I, be the outer radius, T, and T, be the constant temperatures

at inner and outer surfaces, respectively, such that Tl > T2 , kK be the constant thermal conductivity
and there is no heat generation (Refer below Figure). Here, heat flows only in radial direction,
therefore, temperature distribution is T (I) .

_h-h
AzKrr,
1'2 T2
Q Q

(Thermal circuit)

The general heat conduction equation in spherical coordinates is given by,

1 6(28T) 1 o7 1 a[. aTJ q, 10T
S| = |t st ————|SIN0— ||+ —=——
r<or or) resin“@o¢° r°sind oo 00 k oot

Since (i) 8°T /8¢* =0 and 0°T /02> =0 (1-D heat transfer in radial direction only), (i) T /&t =0

(Steady heat transfer) and (iii) gy = 0 (No heat generation), therefore, we get:

i2i(l”2d—-rj20 or i(rz d—TJZO [ @/r*)=0]
r<dr dr dr dr

dr

dT
Integrating, we get: I’ ar =C, or dT = Clr—2

C
Again integrating, we get: T = it S Cz
r

The values of arbitrary constants C, and C, can be obtained with the help of the following two

boundary conditions.

()T=T,atr=rand(i)T=T,atr=r,

53



C
Applying first boundary conditions, we get: T, = = C, (i)
n

C
Applying second boundary conditions, we get: T, =——+C, (i)
r2

From the expressions (i) and (ii), we obtain the values of C, and C, as below.

N el PN NI R S el P
' /r)-(@1/r) 2t @) -@Alr)

The expression for temperature distribution becomes,

i -7 4.1 T-T,
r@/r)-/r) o @/r)-@A/r)

Differentiating above Equation with respect to I, we obtain the below expression.

d_T _ nn (Tz _Tl)

dr (1)
The rate of heat conduction through the sphere is given by Fourier’s law as,

Q_—kAz—Tz—k(4 )”(r2 W _gpy, 1=Te  T=Ty AT

(2 1) 12("2_") (I’ ) R
47Krr,

(rz — rl) -

The term T in above Equation is called the conductive thermal resistance or simply thermal
AP

resistance (R, OF R) for the hollow sphere. The thermal circuit is also shown in above Figure.

Alternatively:

Q= —kAC(Ij—T = —k(47zr2)3—1r- (Fourier equation)

Separating the Fourier equation and integrating between the limits T =T, at r=1, and T =T, at

I =r, as below.

Zdr " 1 1
Q_[F = —4ﬂij1dT = —Qh—ﬂ = —47K(T,-T))
_ 47Zkr1r2(T1 _Tz) _ T1 _Tz _£
(r,—n) (r,—n) R
47Krr,

~Q

Question 30. A hollow spherical container (k =55W /mK) has inner and outer radii as 6 cm and
14 cm, respectively. If its inner and outer surfaces are maintained at constant temperatures of 550 K
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and 350 K, respectively, then calculate (i) the steady rate of heat loss through this container and (ii)
the temperature at a point halfway between the inner and the outer surfaces.

Solution: Let k=55W/mK, r=6cm=0.06m, r,=14cm=0.14m, T, =550K and
T, =350K.

47k, (T, —T,) _ 47x55x0.06x0.14x (550—350)
(r,—1,) (0.14—0.06)

(i) Q= =14.514KkW (Ans.)

_n+r, 0.06+0.14
2 2

L(r-—r
(ii) T=T, +?2(r ; ](T2 -T)

2 1

=0.1m

- T =550+

0.14 ( 0.1-0.06
X

% (350—-550)=410K (Ans.)
0.1 (0.14-0.06

Question 31. Derive expression for rate of heat conduction through a hollow sphere with variable
thermal conductivity.

Answer: The rate of heat conduction through a hollow cylinder with variable thermal conductivity
can be obtained by substituting the value of k = —Kk,(1+ fT) in Fourier Law as,

0 :—kA((jj—T:—ko(1+,BT)x47zr2 x(;—T
.

Rearranging the above expression and integrating both sides within the boundary conditions (i)
T=T atr=rand(i) T =T, at r =T, as shown in below Figure.

T, >T,

Qfd—zr = —47zk0_f(1+ AT or Q{— 1} - —47zk0|:T +ﬁi} 2
o T 1 r 2

n

47k, T T,
Q:(l/q)—(1/r2)KTl+ﬂ2j (T”ﬁzﬂ

Q- 47Zfll’k o (T, T)[l ﬂ(T +T):| Q:47Zf1rz><ko(1+ﬂTm)><(T1—Tz)
(2 1) (rz_rl)

The mean thermal conductivity K,=Kk,(1+T,) is evaluated at mean temperature

T =(T,+T,)/2.

T

55



— 47zkmr1r2(T1 _Tz) _ (T1 _Tz) :£
(r,—r) (b,-r) R
47K hr,

~Q

Question 32. A thin walled spherical container of 140 mm inner radius is insulated by 100 mm thick
insulation whose thermal conductivity varies with temperature T in K as per the linear relation,
k(W /mK) =[0.03x (1+ 0.006T)]. If the inner and outer surfaces are maintained at -186 °C and 20

°C, respectively, determine (i) the steady rate of heat inflow and (ii) the temperature at mean radius.

Solution:  Refer  below  Figure. Let rnr=140mm=0.14m, t=100mm=0.1m,
k =[0.03(1+0.006T)]W /mK, T,=-186°C =87 K and T, =20 °C =293K .

Insulation
T, <T,

T, +T, 87+293

i T
(i) m >

=190K

k_ =k, (1+ AT ) =0.03x[1+0.006x190] = 0.0642W / mK
r,=r+t=0.14+01=0.24m
AT =T,-T, =293-87=206K

The steady rate of heat inflow can be evaluated as follows.

47K rLAT | 47x0.0642x0.14x 0.24x 206
r,—r, 0.24-0.14

Q =55.84W (Ans.)

(i) Let T be the temperature at the mean radius, I .

polith 0.14+0.24

=0.19m
2 2
T :T1+T :87+T
m 2 2
87+T

-k, =0.03x (1+ 0.006x j = (0.03783+0.00009T ) W / mK

AT =T-T,=(T-87)K

Since Q = M
r-n
Thus  55.84 = 47 x(0.03783+0.00009T ) x0.14%x0.19x (T —87)

0.19-0.14
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8.353=0.00009T * +0.03783r —3.291-0.00783r

Thus 0.00009T2+0.03T -11.644=0

~ —0.03% J0.03% + 4% 0.00009x11.644
2x0.00009

=T =229.8 K (Taking +ve value)

Therefore, the temperature at mean-radius is (273—229.8) =—43.2 °C (Ans.)

Question 33. For one dimensional steady state heat conduction derive expressions for rate of heat
conduction through a composite sphere without internal heat generation. Also find the expressions
for overall heat transfer coefficient.

Answer: Consider a composite sphere or coaxial spheres consisting of two layers 1 and 2 having a
perfect contact at the interface as shown in below Figure. Hot fluid is flowing inside while the outer
surface is exposed to the cold fluid. Let steady radial heat conduction (one-dimensional) occurs
through the composite sphere without any heat generation.

Let I, be the inner radius, I,, I; be outer radii of the two layers 1 and 2, respectively, and kl,

K, be the constant thermal conductivities of the corresponding layers,

A :47zl’12 and A :4m‘32 be the internal and external surface areas of the composite

sphere, respectively,

Ty, T4 be the temperatures and h,., h; be the convective heat transfer coefficients of

hot and cold fluids, respectively,

T, and T, be the surface temperatures of the composite sphere on hot fluid and cold fluid

sides, respectively, and T, be the temperature at the interface.

Cold fluid

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer
remains constant and it can be given by the following expressions.

— 47Zk1r1r2(Tl _Tz) — 47zk2r2I’3(T2 _Ts)
=N ERl P

Q= hhf A (Thf _Tl)

=hy A (T = Ty)

or Q:Thf _Tl _ Tl_Tg _ T2 _T3 :T3_ch
1 r,—-n L= 1
A hhf 47Zklr2|.r2 47Zk2 r2 r3 AJ hC‘f
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or Q= T —Th Bl PR Pl FRN T =Ty
1 r,—r [ 1
Anr’h,  Azknr,  Azknr  4a’h,

Here, various thermal resistances are given as below.

- 1 'Riz r2_r1.R: - . — 1
471’y ankrr,’ 7 Anknn’ Y 4mrth

cf

hf

Thf _Tl :Tl_Tz :Tz _T3 :TS_ch
Rhf Rl R2 RCf

From above Equation, we get:

Ty —T,=0QR; T,-T,=QR; T, =T, =QR,; T, - T, =QR;

Thus Q=

By adding these expressions, we get: T, — T, =Q[R; + R + R, + R, ]

. Thf _ch _ AT
Ry +R+R,+Ry DR

~Q (i)

Let U, be the overall heat transfer coefficient based on inner area and U, be the overall heat

transfer coefficient based on outer area. The rate of heat transfer from the hot to cold fluid in terms
of overall heat transfer coefficient can be written as below.

QZUiA(Thf _ch):UoAa(Thf _ch) (ii)
By comparing Equations (i) and (ii), we obtain:

1 1
AR 11 R (non) B(non) 1
hye ko nn k, U 1or I’32 hy
UO = = R - 2 2 - 2
A [rslge,(rz—njgs(rs—rz}l}
2
rl hhf kl rZl. r-2 k2 r-2 r3 th

Question 34. A hollow spherical tank is made up of two materials; first with K =80W /mK_ is

U

and

having inner radius of 50 mm and outer radius of 150 mm and the second with k =15W /mK
forms the outer layer having radius of 200 mm. The outer surface is exposed to cold fluid at 293 K
with h=10W /m?K . If inner surface temperature is maintained at 570 K and there is perfect

contact between two layers, evaluate (i) the steady rate of heat flow through this tank, (ii) interface
temperature and (iii) overall heat transfer coefficient based on outer area.

Solution: Refer below Figure. Let k, =80W /mK, r,=50mm=0.05m, r,=150mm=0.15m,
k,=15W/mK, r,=200mm=0.2m, T, =293K, h=10W /m?K and T,=570K.
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Q
chf—% R, R, Ry
IR A Al
Interface
R=teh 0157005 4515963k W

" 47k,  47x80x0.05x0.15

N 0.2-0.15

, = = =8.842x10° K /W
47K,r,r, 4rx15x0.15%0.2

1 1 1
Ahy  4m’h, 4rx0.2°x10

Cl

=0.198944K /W

Ry =

Z R =0.013263+8.842x107° +0.198944=0.221049K /W
(i) The steady rate of heat loss from spherical tank can be evaluated as follows.

_T,—Ty _570-293
>R 0.221049

=1253116W (Ans.)

(ii) The steady rate of heat transfer through the tank can be given as below.

_ Tl _Tz
R,
~T,=T,-QxR, =570-1253116x0.013263=5534 K (Ans.)

Q

(iii) The overall heat transfer coefficient based on outer area can be evaluated as below.

1 1 1
° AYR 4m’Y R 47rx0.2°x0.221049

U =8.999W /m?K (Ans.)

Question 35. A hollow spherical metallic container (k =55W /mK) of inner radius 5 cm and outer

radius 6 cm is to be covered with two layers of insulating materials ‘A’ and ‘B’ each having a
thickness of 4 cm. The thermal conductivity of insulating material ‘A’ next to the container is
0.08W /mK and that of ‘B’ is 0.16 W /mK . Evaluate the steady rate of heat loss and the interface

temperature between the two layers of insulation when the temperatures of the inner surface of the
container and outside surface of the insulation are 525 K and 310 K, respectively. If the orders of
insulating material for the container were reversed, determine the percentage change in heat loss
with all other conditions remain unchanged. Give your comment.

Solution Refer below Figure. Let k =55W/mK, r=5cm=0.05m, r,=6cm=0.06m,
t,=t;=t=4cm=0.04m, k,=008W/mK, k;=016W/mK, T =525K and
T, =310K.
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L=r+t=006+004=01m;r,=r,+t=01+0.04=0.14m
Case I: When layer of insulating material ‘A’ is kept inside. Refer Figure (a).

4”(T1 - T4)
rz_r1+ -5 + -0
klrer kArzrs kB 31,

Since Q, = {

Q = 47 x(525-310)
T 0.06-0.05 N 0.1-0.06 N 0.14-01
55x0.05x0.06 0.08x0.06x0.1 0.16x0.1x0.14

Thus =26.684W

The interface temperature can be obtained as follows.

Q = 4nkghyr, (T, —T,) =T, = QL =) I’) T,
r,—r, 47K 1,
26.684x(0.14-01) | 310_347.92K (ans)

"3 47 x016x0.1x0.14

Case Il: When layer of insulating material ‘A’ is kept outside. Refer Figure (b).

Since Q,== Az (T, —To)
rz—r1+r3—r2+r4—r3
L klrer kB r2r3 kAr3r4
47 x(525-310)
Th - —34.89W (Ans.
us Q 006-005 _ 01-006 _  014-01 } (Ans.)
| 55x0.05%0.06  0.16x0.06x0.1  0.08x0.1x0.14

Since Q2 > Ql, therefore, layer of insulating material ‘A’ next to the container decreases the heat
transfer rate. The percentage decrease in heat transfer rate is obtained as below.

Q=Q ;g 3489-26.684
Q, 34.89

x100=23.52% (Ans.)

Comment: For the insulation of a spherical container, material with lower thermal conductivity
should be applied next to the hot surface.

Question 36. What do you mean by critical radius of insulation? Give examples where this concept is
applied.

Answer: Addition of insulation to a plane wall always decreases heat transfer. Since, heat transfer
area remains constant, thus any addition of insulation always increases the thermal resistance of the

60



wall without increasing the convection resistance. But in the case of a cylinder or sphere the addition
of insulation increases the conduction resistance but decreases the convection resistance due to the
increase in surface area for convection. The heat transfer from a cylindrical or spherical wall may
increase or decrease, depending on which effect dominates. These two opposing effects lead to
critical thickness of insulation (or an optimum thickness of insulation). The most practical examples
of such cases are the wires carrying electric currents which generate heat, steam pipes carrying
steam from a boiler, cylindrical and spherical storage tanks containing hot fluids.

Question 37. Derive an expression for the critical radius of insulation for cylinders. How it is useful in
cable industry?

Answer: Consider a cylindrical pipe surrounded by an insulating layer of thermal conductivity K . Let
I, and I, be the inner and outer radii of insulation, respectively. Let us assume that the inner

surface of insulation is maintained at a temperature of T, and outer surface is convecting heat to a

fluid of temperature T_ with a convective heat transfer coefficient of h as shown in below Figure

(a).

XN\T.2 o
(g o~
Qbare 7 i
i '|'1 >'|'00 :fz < rci nL>r
R, R : ! S
T, e >e T, 0 T,
Q Q

The steady heat transfer rate (Q) through the cylindrical insulation layer is given by:

Q:Tl_Tao — Tl_Too — Tl_Too
>R Ry+R, In(p/r) 1
27kl 2am,Lh

Here, L is the length of the pipe, R, is the conductive thermal resistance of insulation and R is

the convective thermal resistance to heat flow.

When Tl, T, rn, k and h have been fixed, the steady rate of heat transfer Q depends only on r,.

As T, increases, R, increases but R; decreases. Therefore, Q is expected to have either a

maximum or a minimum in relation to its variation with I,. Maximum heat transfer rate is obtained

when thermal resistance is minimum. This can be checked mathematically from the values of

d(SR)/dr, and d2(>"R)/dr,’.
Differentiating the total thermal resistance ( R) with respect to I, as follows.

d(ZR):i{In(rzlrl)+ 1 }_d{ (S U }

dr,  dr,| 2#&L  2m,Lh| dr,|27kL 27KL 21,Lh

d>R) 1 1 1 1

S x5 ()

= X
dr, 2zkL 1, 2ah /]

Thus

By putting (dz R/dr,) =0 as the condition for either minimum or maximum, we get:
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1 1 1 1 1 1 1 1
X — X—ZZO: 2
27kL r, 2alh 27kL r, 2dh T,

) k
.FZZF

In order to determine whether the above result minimizes or maximizes the total resistance, the
second derivative is to be evaluated by differentiating Equation (i) as,

d’(YR) a2 1 1 1 1 1 1 1 1
L = X=X =X+ ——X—
dr, dr,”| 27kL 1, 27Lh o, 27kL r,” Alh

2 2

Substituting I, = (k/h) in the above equation, we obtain the below result.

d’(YR) 1 1 1 1 he

== X + X =
dr, 27KL (k/h)2 alh (k/h)3 27K3L

The second derivative is a positive quantity verifying that I, = (k/h) represents the condition for
minimum resistance and consequently, gives the maximum heat flow rate. The value of 1, = (k/h)
is called as the critical radius of insulation which is denoted by r_ . Therefore, critical radius of

insulation for a cylinder (or pipe) can be given by the following equation.

The thickness of insulation layer given by (I, —I,) is called the critical thickness of insulation, at
which heat loss is maximum (Q,.,). The variation of Q with outer radius of insulation I, is
illustrated in Figure (b). It can be seen that if I, <T, and insulation is added to the pipe (or cylinder)

heat loss increases and it reaches a maximum at I, and starts to decrease for I, > I.

This concept of critical radius of insulation is used in electric cable industries. The insulation is
provided to current carrying electric wires such that the outer radius should be less than I, or equal

to I, to dissipate maximum amount of heat. This insulation on electric wires not only provides

safety against some grounded surface but also keeps the operating temperature of wire or cable
steady and within safety limits by dissipating heat at the same rate at which it is generated.

Question 38. Derive an expression for the critical radius of insulation for spheres.

Answer: The steady rate of heat transfer (Q) through the insulation layer provided over a sphere as

shown in below Figure is given as,

T,>T
1>f>o. T.

8
Fluid
—
-
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_Tl_Too _ Tl_Too _ Tl_Too
DR Ry+Ry L-h 1
4rkrr,  4zr’h

Q

We know that for maximum heat flow rate, ZR should be minimum.

= 3 or — - + 5
dr, dr, | 4zker,  4ar,°h dr,| 4zkrr, 4zker,  4ar,
1 2 1 2
2~ 5. =0 or 2= 3
4zkr,”  4ar,’h 4zkr,” 4, h
r, = 2 _ r
2 h c

Above Equation gives the critical radius (rc) for a sphere, therefore, the critical thickness of

insulation for a sphere= (I‘c — l’l) .

Question 39. A steam pipe covered with insulating material (kK =0.8W /mK) has inner and outer

diameters as 100 mm and 110 mm, respectively. The inner surface and the surrounding air
temperatures are 475 K and 295 K, respectively and the external convective heat transfer coefficient

is 8W /m?K . Determine (i) the critical radius of insulation, (i) the critical thickness of insulation,

(iii) the rate of heat loss from the pipe at the critical radius of insulation for unit length and (iv) the
outer surface temperature.

Answer: Refer below Figure. Let k=0.8W/mK, d, =100mm, d,=110mm, T, =475K,
T =295K, h=8W/m°K and L=1m.

Q

TZTDC.:
NN

rnL=d,/2=100/2=50mm=0.05m; r,=d,/2=110/2=55mm=0.055m
(i) The critical radius of insulation for a pipe can be obtained as follows.

I, :5:%:0.1m (Ans.)
h 8

(ii) The critical thickness of insulation is given as below.

r.—r=0.1-0.05=0.05mor 50 mm (Ans.)

(iii) The rate of heat loss from the pipe at the critical radius of insulation is obtained as,
_24(T,-T,)  2zx1x(475-295)

Q_ M_{_i - In(01/005) . 1 =534.38W (Ans.)

k rh 0.8 0.1x8

c
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(iv) The outer surface temperature (T,) can be calculated from the following relation,
Q=hA(T, -T,) =hx2zar Lx(T,-T,)

Q g - 5338 | 595-4013K (ans)

T, =
? 2mlh * 27x0.1x1x8

Question 40. A 2 mm diameter wire with 1 mm thick layer of insulation (k =0.2W /mK) used in

an appliance is exposed to surrounding atmosphere (h=40W /m®K) . Calculate critical radius of

insulation. What percentage change in heat transfer rate would occur if critical thickness of
insulation is applied? Assume that temperature difference between surface of the wire and the
surrounding air remains unchanged.

Solution Refer below Figure. Let d, =2mm, t=1mm, k=0.2W /mK, h=40W /m*K and

T,-T,=AT.
Q,
)é T, <
' ﬁ h <
(b)

n=d /2=2/2=1mm=0.001lm; r,=r+t=1+1=2mm=0.002m

Q
S
L0\
~ &7

Air

(@)

The critical radius of insulation for a wire can be obtained as,

=< =92 _0005m (ans)
h 40

Case I: Refer Figure (a). Heat transfer rate through the wire is obtained as,

27LAT 27LAT
Q= In(r,/r) , 1~ In(0.002/000) 1 =0.393542LAT
k  rh 0.2 0.002x 40

Case II: Refer Figure (b). Heat transfer rate through the wire when critical thickness of insulation is
applied,

27LAT 27LAT
Q=T /) . 1 In(0005/000) 1 = 0.48I574LAT
k rh 0.2 0.005x 40

c

Since Q2 >Ql, therefore, percentage increase in heat transfer rate when critical thickness of
insulation is applied can be obtained as,

Q,—Q <100 = 0.481574-0.393542

3 0.393542 x100=22.37% (Ans.)
X :
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CHAPTER -3

STEADY STATE HEAT CONDUCTION WITH HEAT GENERATION

Question 1. Define internal heat generation. Also give practical cases where it is used.

Answer: The conversion of electrical, nuclear and chemical energies inside the body is called as
internal heat generation. It is a volumetric phenomenon, therefore, the rate of heat generation

(qg) in a medium is generally specified per unit volume and its units are W /m®. Heat generation

occurs within the system (or body) such as resistance heaters, nuclear reactors, chemical and
combustion process, drying and setting of concrete.

Question 2. Give the general solution for temperature distribution for a plane wall made of
homogeneous and isotropic material with uniform heat generation for 1-D heat conduction (i.e., X -
direction) under steady state.

Answer: The governing equation for heat conduction in one direction (i.e., X-direction) under
steady state through a plane wall made of homogeneous and isotropic material with uniform heat
generation can be given by as,

2
d—T2+q—g=0
dx k
L aT_ g
dx? K

dT
Integrating, we get: — = _% X+C,
dx k

Integrating again, we get: T = —% X% + Cx+C,

The above equation gives the general solution for temperature distribution in a plane wall with
uniform heat generation in which C,; and C, are arbitrary constants whose values can be obtained
with the help of the given boundary conditions.

Question 3. In one-dimensional heat transfer, derive expressions for temperature distribution within
the plane wall and prove that the heat generated is equal to the heat loss from the sides when this
wall is subjected to uniform heat generation and exposed to a fluid at the same temperature on
both sides.

Answer: Consider a plane wall of thickness L with uniform internal heat generation dq in W/m?®

and constant thermal conductivity K. Let the dimensions of this wall in Yy - and Z -directions are
comparatively large, so that heat transfer takes place in X -direction only and temperatures on the
two faces of the wall are maintained at T,, as shown in below Figure.
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T 1)

k
T 9! T

w | w

L
. X
x=0 x=L/2 x=L

The general solution for temperature distribution for a plane wall with uniform heat generation is as,

T:—%x2+clx+c2 (i)

Now applying boundary conditions: (i) T =T, at Xx=0and (i) T =T, at x=L.

Substituting first boundary condition (b. c.), we get:
__Y% C
T, = _E(O) +C,(0)+C,=..C, =T,

Now substituting second b. c. and value of C, =T, in Equation (i), we get:

9
2k

m:-%ayﬂmuym:;qz L
Substituting the values of C, and C, in Equation (i), we get:

T =—q—gx2+q—ng+TW
2k 2k

T :%(L—x)x +T, (ii)
Now d—Tzq—@’(L—ZX)
dx 2k

Put (dT /dx) =0 as the condition for either maximum or minimum, we have:

9,
8 (L-2x)=0
o (L-2x)

L-2x=0 (- dy/2k=0)
L
LX==
2
2
And d—-!:—q—g
dx k

The second derivative is a negative quantity, therefore, T has a maximum at X = L/2. Equation (ii)
is quadratic thus the temperature distribution is parabolic in nature and symmetrical about the
centre plane. By substituting X = L/2 in Equation (ii) we get the maximum value of temperature as
below.

66



max ok 2)2 " 8k

T —q—g(L—£)£+T :q—gL2+TW

(iii)

Heat transfer takes place from both the surfaces (i.e., X=0 and X=L) and is equal. The heat
transfer rate for each surface is given as follows.

dT q AL .
Q= —kA(—) = —kA{—g (L- 2X)} =— ( (iv)
dX x=0o0r x=L 2k x=0or x=L 2 ’

Here, A isthe surface area of the wall normal to the direction of heat flow.

When both surfaces are considered, the heat transfer rate is given as follows.

Q= Zx%qg = AL x g, = volumex heat generationrate (v)

Heat conducted to the wall surface is convected away to the surrounding fluid (or air) at

temperature T, with heat transfer coefficient h. Thus from energy balance at each surface, we get:

AL
qu = hA(Tw _Ta)
1. %
Thus T, =T, +5|
2h

Substituting T,, in Equation (ii) and (iii), we get:

T :Ta+q—gL+q—g(L—x)x
2h 2k
Oy Oy

Toa=T. +—2L+-21"=T, +q
8k

2h

Question 4. In one-dimensional heat transfer, derive expressions for temperature distribution within
the plane wall and rate of heat transfer when the surfaces of this wall are subjected to uniform heat
generation and exposed to fluids at the different temperatures.

Answer: Consider a plane wall of thickness L with uniform internal heat generation Qg in W /m?

and constant thermal conductivity K. Let the heat transfer takes place in X -direction only and the

two faces of the wall are maintained at a different temperatures T, and T, as shown in below

Figure.
-

T

x=0

T(x)
m

—Wall

T,

L

X
x=L

Below Equation (i) is the general solution for temperature distribution for a plane wall with uniform

heat generation,
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T=- qu +Cx+C, (i)
2k

The boundary conditions are: (i) T =T, at X=0 and (ii) T =T, at x=1L.

By applying these boundary conditions to Equation (i), we get:

C, =T, and C1=T2—[T1+%L

Substituting the values of C, and C, in Equation (i), we get:

T=Joye [Toh, % g
2k L 2k

q -, ;
or T ={Z—E(L—X)+¥}X+Tl (ii)

In order to find where the maximum temperature occurs, differentiate Equation (ii) with respect to
X and equate to zero. Then put this value of X in Equation (ii) to get the value of maximum

temperature (T,

nax) - If maximum temperature lies inside the wall then heat will transfer to the both

surfaces. Total heat generated in the wall is, Q = 0y AL . Part of this heat generated flows to the left

surface and remaining part flows to the right surface.
Differentiating Equation (ii), we get:

dT

qg (T,-T)
v (L 2X) + —=—3% C

The rate of heat flow from the surfaces at X =0 is given as below.

- _kA(zU ) /{qg(L 2XH(TZL )} =k{LLT2_%} (i)

The rate of heat flow from the surfaces at X = L is given as below.

Q= § | :—k/{qg (L-20+ W )} :kﬁ{—Tl_LT2+%} i
x=L g

Thus total heat transfer will be equal to the sum of Q, and Q,.

If maximum temperature is T, (i.e., at X=0) then the heat transfer will be in the direction of
increasing X and the total heat transfer will be equal to Q, only. In Equation (iv), if aq =0 then, it

becomes the equation for plane wall without heat generation.

Question 5. In one-dimensional heat transfer, derive expression for temperature distribution within
the plane wall when one of the surfaces is exposed to fluid and other surface is insulated.
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Answer: Consider a plane wall of thickness L with uniform internal heat generation O in W/m?®
and constant thermal conductivity K. Let one surface of this wall (X =0) is perfectly insulated and

the other surface (X = L) is maintained at a uniform temperature T, as shown in below Figure.

T

3

s T(x)

S 4k < Wall

£ Yy

S T,

= L . X
x=0 x=L

Below Equation (i) is the general solution for temperature distribution for a plane wall with uniform
heat generation,

TI—%XZ-I-ClX-FCZ (i)

The boundary conditions are: (i) (dT/dx) =0 at x=0 and (i) T =T, at x=L.
By applying these boundary conditions to Equation (i), we get:

2
C,=0and C, =TW+qg L?

3

Substituting the values of C, and C, in Equation (i), we get:

2 2
T=—q?g.x?+TW+q?g.L? (ii)
dx k

By putting (dT /dx) =0 as the condition for either maximum or minimum, we have:

T
k
sx=0
2
And d—-!:—q—g
dx k

The second derivative is a negative quantity, therefore, T has a maximum at X=0.

Maximum temperature is given by substituting X =0 in Equation (ii) as,

q, L’
T =T, +—>+.— (iif)
max w k 2
When heat conducted to the wall surface is convected away to the surrounding fluid at temperature

T, with heat transfer coefficient h, from energy balance surface, we get:
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L
ST, =T +—— (iv)
h
Substituting T,, in Equations (ii) and (iii), we get:

L 2 2
T :Ta+qg——q—g.X—+q—g’.L
h k 2 k 2

Question 6. The internal heat generation due to passage of electric current in a 0.1 m thick plate
(k =20W /mK) is 6.4x10*W /m®. If the air temperature is 295 K and the convective heat

transfer coefficient is 25W /m?K, determine (i) surface temperature and (i) maximum

temperature in the plate.

Solution: Refer below Figure. Let L=0.1m, k =20W /mK, d, = 6.4x10°W/m?, T, =295K
and h=25W /m?K .

T g
T
h k T /h
. A
VAR qg:Wall T, Te
L

; X
x=0 x=L/2 x=L
(i) The surface temperature can be determined as,

4
T =T, +%L =295+ 8410 61— 423K (ans)

x 25
(ii) The maximum temperature can be determined as,

4
Too= o2, 7 00 60y, 4232427 (ans)
8k 8% 20

Question 7. A heat generating plate of 2 cm thick and 10 cm wide with k =25W /mK is used to
heat a fluid at 303 K. The heat generation rate in the plate is 7.5x10° W /m® due to passage of

electric current through it. Determine the convective heat transfer coefficient to maintain the
temperature of the plate below 453 K. Neglect the heat loss from the edges of the plate.

Solution: Refer below Figure. Let L=2cm=0.02m, b=10cm=0.1m, k=25W/mK,
T,=303K, gq,= 75x10°W/m°, T __ =453K and h be the convective heat transfer

coefficient.

70



T L
T
h k 22X T /h
. A
yam qg:Wall T, T
L

! X
x=0 Xx=L/2 x=L

2
Since T, =T,+q, [L + LJ

_+_
2xh 8x25

2

~.h=50.5W/m?K (Ans.)

Question 8. A plane wall 0.8 m thick with thermal conductivity of 15W /mK is well insulated on its

left side while the right side surface is maintained at a uniform temperature of 300°C. It generates
heat uniformly at a rate of 500 W/m? when an electric current is passed through it. Determine the
maximum temperature in the wall and the location of the plane where it occurs.

Solution: Refer below Figure. Let L=0.8m, k=15W/mK, T, =300°C=573K and
g, =500W /m’.

T(x

k ( )<—Wall
g

T

w
<« | —>|

X
x=0 x=L

Insulated face 4

Maximum temperature (T,,,) can be obtained by using below Equation as,

T.=T,+

max w ?

=585.8 K or 312.8 °C (Ans.)

2 2
9 U _g5,50, 08
2 15

T...x Will occur at the insulated face, i.e., at X =0. (Ans.)

Question 9. A square cross-section aluminium rod of 4.5 mm side and 1 m length is used to carry
current between two bus bars which are maintained at 300 K. The lateral surface area of the rod is

well insulated. The specific resistance and the thermal conductivity of the rod are 2.65x10°% Om
and 237W /mK, respectively. Determine the maximum current the rod can carry if its temperature

is not to exceed 450 K.

Solution: Refer below Figure. Let b=45mm=0.0045m, L=1m, T,6=300K,
p=2.65x10°Qm, k =237W /mK and T.x =450K.

& Insulated surface
T, ¢ b Squarerod |T,

L

Maximum temperature for 1-D heat flow can be given by below Equation as,
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9

X

T

max

—o 21 o 450= x1% +300
8k 7

.0, = (450—300) x8x 237 = 284400W /m’

Q, = ¢, xvolume= g, x Ax L = q, xb? x L = 284400x 0.0045 x1=5.7591W

-8
Also nglszezlzx’O—: or 5.7591=|2x2'605+1252><1
2
| = \/ 5.7591x0.0045 _ 66 34 A (ans.)
2.65x10

Question 10. A 3 cm thick cast iron plate (k =55W /mK) has a uniform internal heat generation
of 3.3x10" W /m?®. If end effects are negligible and the temperatures on the surfaces of this plate

are 435 K and 375 K, determine (i) the temperature distribution across the plate, (ii) the value and
position of the maximum temperature and (iii) heat flow per unit area from each surface of the
plate.

Solution: Refer below Figure. Let L=3cm=0.03m, k=55W/mK, dq =3.3x10° W /m?,
T,=435K, T, =375K and A=1m?.

;
T
Qe ' NFa®
L T
x=0 x=L
. q T,-T)
T=|2(L-X)+2— x+T,
(i) _2k( ) L :| 1
r 7
72| 33300 003-x)+ B1O=439 )y | 435
| 2x55 0.03

-.T =435+ 7000x — 300000x* (Ans.)

(if) 3—1:7000—600000(

For determining the position of maximum temperature put (dT/dx)=0.

Thus  7000—-60000x =0

X= 7000 =0.0117morl.17cm (Ans.)

~ 600000

=T . =435+7000x0.0117—300000%x 0.0117* = 475.83K (Ans.)

(iii) The heat flux at the left face (X = 0) is given as below.
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Q = —kA{‘;—U = —55x1x(7000—600000x),_, = -3.85x10° W (Ans.)
x=0

The negative sign indicates that heat flow at the left face is in a direction opposite to that of
measurement of distance, i.e., negative X -direction.

The heat flux at the right face (x =L =0.03m) is given as below.

Q,=- A{‘Z—U =-55x1x (7000~ 600000x), , ,, = 6.05x10° W (Ans.)
x=0.03

The positive sign indicates that heat flow at the right face is in the positive X -direction.

Check: The sum of Q, and Q, which is equal to 9.9 x10°W must be equal the total heat generated
per unit area of the plate.

Q, =0, x AxL =3.3x10"x1x0.03=9.9x10° W

Question 11. Give the general solution for temperature distribution for a cylinder made of
homogeneous and isotropic material with uniform heat generation for 1-D heat conduction (i.e., I -
direction) under steady state.

Answer: The governing equation for heat conduction in one direction ( I -direction) under steady
state through cylindrical bodies made of homogeneous and isotropic material with uniform heat
generation can be given by below Equation as,

1d [rdeJrq_g:O

rdrl dr) k

or i rd_T =_M

dr{ dr k
Integrating, we get: rd—T——qgerrC
BIATNe WEES Ty T Tk T

dT  q,r G

or — =4

dr 2k r

2

r
Integrating again, we get: T =— qzk +C,Inr+C,

The above equation gives the general solution for temperature distribution in a cylinder with
uniform heat generation in which C, and C, are arbitrary constants whose values can be obtained
with the help of the given boundary conditions.

Question 12. Derive the expressions for temperature distribution and rate of heat conduction for a
hollow cylinder made of homogeneous and isotropic material with uniform heat generation for 1-D
heat conduction (i.e., I -direction) under steady state whose both surfaces maintained at constant
temperatures.
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Answer: Consider a hollow cylinder of length L with a uniform internal heat generation rate of dq
in W/m?®. Let I, be the inner radius, I, be the outer radius, T, be the inner surface temperature,

T, be outer surface temperature and Kk be the constant thermal conductivity.

The temperature distribution in a cylinder is given by below Equation as,

2

r
T:—quk +C,Inr+C, (i)
ar _ 4" G
dr 2k r

The constants of integration can be determined by applying the boundary conditions: (i) T =T, at
r=r and(ii) T =T, at r =r, asfollows.

Applying first b.c. to Equation (i), we get:

2
-I-1 - qgrl
4k

+C,Inr, +C, (ii)

Applying second b.c. to Equation (i), we get:

T, = qgr22
,=—
4k

+C,Inr, +C, (iii)
Solving equations (ii) and (iii), we get the values of C, and C, as below.

Jy ,.2 2 Oy ,. 2 2
(T,-T)+ (" —r") 2 (T,-T)+-2(r, —r")
4k and C, =T, + Gh _ 4k

C p—
' In(r,/r,) 4k In(r, /r,)

Substituting these values in Equation (i), the temperature distribution becomes,

q q
_C]gl’2 (rz _Tl) +4Ti(r22 - rlz) qgrl2 B (Tz _T1) +Ii(r22 - rlz)

T= + Inr+T, +
4k In(r, /1) 4k In(r, /1)
o TT_In(r/n) G (o -R)[In(r/n)  (r/n)*-1
T,-T, In(r,/r) 4k (T,-T)|In(r,/r) (r,/r)*-1

The rate of heat conduction through the cylinder is given as below.

2
Q:—kA(d—Tj:—kx(ZﬂrL)x LS PSR
dr 2k r 2

" +Clk]

Substituting value of C,, we get:
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q
qgrz (T, -T) +ﬁ(r22 - r12)

—2al x| -
Q=2mx| =2y In(r, /)

Question 13. Derive the expressions for temperature distribution and rate of heat conduction for a
solid cylinder made of homogeneous and isotropic material with uniform heat generation for 1-D
heat conduction (i.e., I -direction) under steady state.

Answer: Consider a solid cylinder of radius R and length L with a uniform internal heat generation

rate of g, in W /m?. The general solution for temperature distribution in a cylinder is given as,

2

ggr
4K

T=-

+C,Inr+C, (i)

The boundary conditions are:

(i) At r =R, i.e, at the surface, T =T, and

(ii) Heat generated = Heat lost by conduction at the surface of the cylinder
From the second boundary condition, we get:

d ansz—kXZﬂRLx((:j—-::j

=R

Thus (d—Tj _ %R (ii)
ar J._q 2k

The temperature gradient at the surface can also be obtained by differentiating Equation (i) and
replacing I by R as below.

(d_T] __W%R .G (i)
dr ). _q 2k R

From the expressions (ii) and (iii), we get:

_GR G GR
2k R 2k
~.C,=0

Using first boundary condition and value of C, in Equation (i), we get:

R2
TS=—qZk +(0)INR+C,
2
nC, =T, + %R
2k

Substituting values of C, and C, in Equation (i), we get:
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2 2

R
e +(O)Inr+Tsjng
4k 4k
AT =T+ r2_p2) (iv)
S 4k
LI
dr 2k

It can be observed from Equation (iv) that the temperature distribution is parabolic in nature and the
maximum temperature (T, ) occurs at the centre (i.e., at r =0).

AT =T+ % R? v)

From Equations (iv) and (v), the dimensionless form of temperature distribution can be given as

below.
2
_I;j;_=1_(%) (vi)

The rate of heat conduction through the cylinder is given as follows.

dT g,R
=—kA — | =—kx(2mRL)x|-—2— |=RL
Q A{dr)r—R X( )X[ ZkJ qg

When heat conducted is dissipated to the ambient air or fluid at a temperature T, with convective

heat transfer coefficient of h, then we get:

AR?Lg, =hx27RLx (T, -T,)

R
STo=T, + ng_h (vii)

By substituting T in Equations (iv) and (v), we get:

T =Ta+ﬂ+q—g(R2—r2) (viii)
2h 4k
R R?
T o7 +3", % (ix)

et 2h o 4k

Question 14. One meter long Nichrome heating wire with kK =12W /mK and resistivity
=1x10"° Om is used in a 10 KW electric heater. The heat is being dissipated to the surroundings at
293 K with heat transfer coefficient of 1000W / m?K . If the maximum surface temperature of the

heating element is 1300 K, determine (i) the diameter of the wire and (ii) the rate of current flow.
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Solution: Let L=1m, k=12W/mK, p=1x10°Qm, Q=10kW =10x10°W , T, =293K,
h=1000W /m°’K and T, =1300K. Let D be the diameter and | be the current flowing

through the wire.

3 4
(i q = Q Q _10x10 _4x10

.= - = ——=—W/m®
volume (z/4)D°xL (x/4)xD"x1 D

Since T..,=T, Jrq—gRqu—gR2

2h 4k
4 4 2
Thus 1300:293+24X—10x[9j+fx—10x[9j
D x2x1000 \ 2 D x4x12 2

-.D=3.384x10" mor 3.384 mm (Ans.)

-6
@ R=P- P DA0>d 511120
A (#/4)xD° (x/4)x(3.384x107)
Since Q=1*xR,

3
= R :1/10"10 —290.88 A (Ans.)
R, V01112

Question 15. Derive the expressions for temperature distribution and rate of heat conduction for a
solid sphere made of homogeneous and isotropic material with uniform heat generation for 1-D
heat conduction (i.e., I -direction) under steady state.

Answer: The governing equation for heat conduction in one direction (I -direction) under steady
state through a spherical body made of homogeneous and isotropic material with uniform heat
generation can be given by below equation as,

i(rzd—T ey
dr dr k

dT q,r
Integrating, tri—=-"2_4C
ntegrating, we ge ar 3 1
r
or d—T:—qL+C—; (i)
dr 3k r
Integrating again, we get:
g,r° C )
T:_g_k_Tl+C2 (ii)

Here, C, and C, are arbitrary constants whose values can be obtained with the help of the given

boundary conditions. Equation (ii) is the general solution for temperature distribution for a sphere
with uniform internal heat generation.
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Consider a solid sphere of radius R having a uniform heat generation rate within its volume at a

rate of ( (\N/ms). Let T, be the outer surface temperature and k be the constant thermal

conductivity.
The boundary conditions are:
(i) (dT/dr)=0 at r =0, i.e., at the centre and

(ii) T =T, atr=R,i.e, at the surface.

Using first boundary condition in Equation (i), we get: C, =0

Using second boundary condition and value of C, in equation (ii), we get:

2 2

q,R
6k

T =GR
*T 6k

+C,=..C, =T, +

Substituting values of C, and C, in Equation (i), we get:

2 2

qyr
6k

q,R
6k

T=-

+T, + =T, +%(R2 —r?) (iii)

It can be seen from Equation (iii) that the temperature distribution is parabolic and the maximum
temperature will occur at the centre, i.e., at r =0 and its value is as follows.

T = Ts +2—§R2 (iv)

Substitution of C; =0 in Equation (i) gives:
dT  qgr
dr 3k
Heat transfer due to conduction at the outer surface of the sphere is given as follows.

dT Ri_4
0okl ) oo )

Above Equation shows that the heat conducted to the surface is equal to the heat generated within
the sphere.

When heat conducted is dissipated to the ambient air or fluid at a temperature T, with convective

heat transfer coefficient of h, then we get the below expression.

4

gﬂRsxqg =hx 4R’ x (T, -T,)
R
.'.TszTa+qg—
3h

By substituting this value of T in Equations (iii) and (iv), we get:
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R
T=Ta+qg—+q—g(R2—r2)
3h 6k

R
To=T. PRI -
3h 6k
Question 16. During the ripening process of oranges the average heat generated is found to be
240W /m?. The average size of an orange to be 8 cm assuming as a sphere with thermal
conductivity of 0.2W /mK . If the outer surface of the orange is at 280 K, determine the

temperature at its centre. Also evaluate the heat flow from the outer surface of the orange.

Solution: Let Q/ A=240W /m?, D=8cm=0.08m, k=0.2W /mK and T, =280K.
R=D/2=0.08/2=0.04m

e _ 0y xvolume _ g x (4/3)7R* _ R

A A 47R?
.q, = 3x(QIFA) _3x240 4 an00w /m?
R 0.04

Using below Equation, we get:

2

R 2
T =T +q9 =280+MZ3O4K (Ans.)

T ek 6x0.2

Since Heat conducted = Heat generated

Q= gﬂR3 xq, = gﬂ' x 0.04° x18000= 4.825W (Ans.)

Question 17. Heat generation rate in a solid sphere of radius 6 cm is 4.2x10° W /m®. The outer

surface is surrounded by a fluid at 420 K having a heat transfer coefficient of 800W /m?K . If
thermal conductivity of the sphere is 25W /mK , determine (i) temperature at 4 cm radius and (ii)

maximum temperature.

Solution: Let R=6cm=0.06m, q,=4.2x10°W/m’, T,=420K, h=800W/m’K,
k=25W/mK and r=4cm=0.04m.

R
(i) T:Ta+qg—+q—g(R2—r2)
3n 6k
6 6
- T =404 22X10x000 4210, 5062 _0,047) = 581K (Ans)
3x800 6x25

R
(ii) Twx=T,+—+—-—R
3h 6k
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6 6 2
AT =420+ 4.2x10°x0.06 N 4.2x10°x0.06 6258 K (Ans.)
3x800 6x 25

Question 18. What do you mean by fins? By design consideration name and discuss the law which
governs rate of heat transfer from the fins.

Answer: The extended surfaces also called as fins are generally the thin metal strips made of highly
conductive materials such as aluminium, copper, brass, etc. With the attachment of fins the effective
heat transfer area on a solid surface increases thereby the rate of heat transfer may increase
manifold. Fins are attached to the base material by pressing, soldering or welding. In some cases,
fins may also be made integral parts of the base material by casting or extruding process.

The rate of convection heat transfer from a solid surface at a temperature T to the surrounding
fluid (gas or liquid) at a temperature T is given by the Newton’s law of cooling as,
Q=hA(T, —T,). Here, h is the convective heat transfer coefficient and A is the surface area

through which heat transfer takes place. Generally, by design considerations the temperature
difference (T, —T,) is fixed, therefore, the heat transfer rate can be increased either by increasing

the convective heat transfer coefficient h or by increasing the surface area A. The value of h can
be increased by forced convection mode using a pump, fan or a blower that may not be feasible and
economical. Thus, increase in the surface area A is the only way to increase the heat transfer rate.
This can be accomplished by attaching extended surfaces to the base surface.

Question 19. What are the most common types of fins? Also give some of the practical application
areas of fins.

Answer: As per the requirements, fins are manufactured in different forms that may be of uniform
or non-uniform (variable) cross-sections. The most common types of fins shown in below Figure are:
(a) A straight fin of uniform cross-section, (b) A straight fin of non-uniform cross-section, (c) A pin fin
(or spine) of uniform cross-section (d) A pin fin of non-uniform cross-section (e) An annular (or
circular) fin which circumferentially attaches to a cylinder.

=g MR

(@) (b) (© (d) ©)

Some of the practical application areas of fins are: (i) Air cooling of IC engines such as in scooters and
motorcycles (refer below Figure), (ii) Cooling of air compressors, electric motors and transformers,
(iii) Cooling of electronic equipments, (iv) Radiators for automobiles, heat exchangers and
condensing coil of refrigerators.

Cylinder head
ING e
Inlet ?%Eéfﬁ-»Exhaust
Cylinder

The temperature distribution in a fin can be obtained by considering the fin as a metallic plate
attached at its base to a heated wall and transferring heat to a fluid by convection. It depends on the
properties of its material and the surrounding fluid. The heat flow through a fin is by conduction.
Generally, a fin is thin, therefore, heat conduction through it can be considered one-dimensional.
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Question 19. Derive an expression for the governing differential equation for the fin of uniform
cross-section. Also give the assumptions made during heat conduction analysis through a fin.

Answer: The various assumptions made during heat conduction analysis through a fin are: (i) Heat
conduction through the fin is one-dimensional and steady, (ii) No heat generation within the fin, (iii)
Thermal conductivity (K) of the fin material is constant, (iv) The convective heat transfer coefficient

(h) over the entire fin surface is uniform, (v) There is no contact thermal resistance between the fin
and base material, and (vi) Radiation heat transfer is negligible.

Below Figure shows fins of uniform cross-sections protruding from a wall surface. Figure (a) shows a
rectangular fin and Figure (b) shows a pin fin of uniform cross-section. Let L be the length, b be the
width and t be the thickness of the rectangular fin. The other characteristic dimensions of the fins
are its constant cross-sectional area A, =bt and perimeter P=2(b+t). Let T, be the base
temperature of fin, T be the temperature of surrounding fluid and h be the convective heat

transfer coefficient. The cross-sectional area and perimeter of a pin fin of diameter D are

A =(7/4)D? and P = 7D, respectively.

y hT
b h,T
% P=2(b+t) / Ve
é &'& Qconv Ac bt Qxb\' A — (77/4)D2
T 6\ \ It To T P=mD
_)N'—é Qx+dx

Q. e— L ——

fdx
L

x=0(a) Rectangular fin (b) Pin fin

For determining the governing differential equation for the fin, applying energy balance to an
infinitesimal element of the fin of length dX at a distance X from the base surface as shown in
Figure (a).

Heat conducted in the element at X is given by Fourier’s law as below.
dT
Q,=—kA
o= KA
Heat conducted out from the element at X + dX is given as below.

d dT d’T
=Q, +—(Q,)dx=—kA — —KkA —d
Qx+dx Qx+dx (Qx) X A: dX A: d 2

Heat convected from the surface of the element to the surrounding is given by Newton’s law of
cooling as below.

Quony = hA(T =T.)) = h(PdX)(T -T.,)

Here, the temperature T of the fin is assumed uniform for the infinitesimal element.

Thus energy balance for the element gives:

Qx = Qx+dx + Qconv
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dT dT d2T
—kA — =—kA — —kA —dx+ h(Pd -T

d2T

kA, e dx—h(Pdx)(T -T,)=0

d’T hP

———(T-T,)=0

dxz k,At(T oo)

d2T ) )
-m°(T-T,)=0 (i)

dx?

.y , _hp  [hP )
ere M =— orM=_|— (ii)
kA kA,

Now defining the excess temperature € as follows,
0=T-T,

Since surrounding temperature T is constant, thus by differentiation, we get:

X dx ae TR

dg dT q d?0 d°T
Thus Equation (i) becomes,

—-m’0=0 (i)

Equation (iii) is the governing differential equation for the fin of uniform cross-section which
describes the temperature as a function of X and M. The general solution of this linear
homogeneous, second order ordinary differential equation can be given in the following form.

6=Ce™+C,e™ (iv)
The constants C, and C, can be determined by using two relevant boundary conditions.

Question 21. Derive expressions for temperature distribution and rate of heat transfer for infinitely
long fin.

Answer: The governing differential equation for the fin of uniform cross-section which describes the
temperature as a function of X and m is given as,

2
d—f—mZH:O,where, mZ:h—P orm= h—P
dx KA, KA,

The general solution of this linear homogeneous, second order ordinary differential equation can be
given in the following form.

6=Ce™+Ce™ (i)

82



When fin is very long, the temperature at the tip of the fin (i.e., at X = L) becomes equal to that of
the surrounding fluid. The constants C, and C, can be determined by using below boundary

conditions.
(i) T=T,at x=0;T-T,=T,-T, at x=0; =6, at x=0
(i) T=T,at X=L=oo; T-T_ =T, -T_ at X=00; §=0at X=00
Substitution of first boundary condition in Equation (i) gives:
6,=C, +C, (ii)
Using second b. c. in above Equation gives: 0=C.e™ +C,e ™"
Since C,e™™ =0, the equality is valid only when C, =0, ..C, =0
From Equations (ii), we get: C, =6,

Substituting the values of C, and C, in Equation (ii), we get:

0=6e™ or 0 _T-T. _ g™ (i)
90 TO _Tao

Equation (iii) gives the temperature distribution in an infinitely long fin of uniform cross-section
along its length. This exponential temperature distribution is shown in Figure (a) from which it can
be seen that the temperature drops rapidly near the base of the fin and progressively reaches the
ambient temperature at some length. It means most of the heat is dissipated near the base of the fin
and the area near the fin tip makes little or no contribution to heat transfer to the extent as the
lateral area near the base of the fin. Therefore, increase in length of the fin beyond a certain limit
results in excessive weight, wastage of material and increased size and thus increased cost with no
benefit in return. A tapered fin will be a better choice since its lateral surface area is more near the
base which results in increased heat dissipation rate. The dependence of dimensionless temperature
given by Equation (iii) along the length of the fin for different values of parameter m is shown in
Figure (b). This plot shows that temperature is inversely proportional to the values of parameter m,
i.e., higher the value of m lower be the temperature at a distance X from the base of the fin.

m, <m, <m,
T>T,>T,

Temperature
distribution

(@ (b)

Convective heat loss from the entire fin is given as follows.

Q= Tthx(T ~T,)

Bt  T-T =(T,-T)e™ [From Equation (iii)]
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Thus Q= j hPdx(T, -T,)e ™ =hP(T, - T,) j e ™dx
0 0

Q=hP(T,~T) x%: hP(T, -T.) x\/%

~.Q =+/hPkA (T, -T,) = \/nPkA %6, (iv)

Above Equation gives the rate of heat transfer through the fin.

Alternatively: From Equation (iii), we get:

T=(T,-T)e™+T,

((Z_Tj =-m(T,-T )e ™ (Differentiating)
X

The rate of heat flow across the base of the fin is given by Fourier’s law as follows.
dT Cmx
Q=—kA| | =—kA[-m(, ~T.)e ™|, =kam(, -T.)
x=0
Substituting value of m = ,/hP/kA, , we get:

Q =kA ><\/%><(T0 —T,)=+hPKA (T, -T, )= hPkA x 6,

The above expression for rate of heat conduction is same as Equation (iv).

Question 21. Derive expressions for temperature distribution and rate of heat transfer for a finite
long fin with insulated tip.

Answer: The governing differential equation for the fin of uniform cross-section which describes the
temperature as a function of X and m is given as,

d*o hP hP

—2—m20:O,where, m=—orm=_|—

dx KA KA
The general solution of this linear homogeneous, second order ordinary differential equation can be
given in the following form.

0=Ce™+Cre™ (i)
de mx —mx .
i mC.e™ —mC,e (i)

The constants C, and C, can be determined by using below boundary conditions.

(i) 0=T,-T, =6, at x=0; (ii) 3—3:0 at X=L
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Applying 15t b.c. to Eq. (i), we get: 6,=C, +C, (iii)

Applying 2" b.c. to Eq. (ii), we get: 0=mCe™ -C,e™ =..C,=Ce"™

2mL

Substituting this value of C, =C,e in equation (iii), we get:

m m 00
00=C1+Clez L=C1(1+62 L):>Cl=m
Thus G, = HOZmL e 72%
1+e™) e +1

Substituting the values of C, and C, in equation (i), we get:

0 e™ +—90 e™ =0 e” + e
1+e>m e 2™ 41 °l14em™ g2 41

0 B e—mL 5 emx . emL y e—mx B em(x—L) N em(L—x)
00 _e—mL (1+e2mL) emL (e—ZmL +1) e—mL +emL e—mL + emL

9 em(x—L) +em(L—x) em(L—x) +e—m(L—x)
(9_0 - I emL + e—mL - emL + e—mL
m(L-x) —-m(L-x) mL -mL
Since coshm(L —x) = € +Ze and coshmL = £ *¢
.0 _T-T, _coshm(L—x)
e T,-T, coshmL
Now T=T, +(T,—T,)coshmt=x)
coshmL
Thus 90 = (7, —1,)SmL=X) ()
dx coshmL

(d—T) =-m(T, —T,)tanhmL
dX x=0
The rate of heat flow from the fin is given as,
dT
Q= —kp{d—j =—kA x[-m(T, T, ) tanh mL]
X x=0

Q=kAm(T, —-T,)tanh mL
Substituting value of m = \/hP/kA, , we get:

Q= hPkA (T, T, ) tanh mL

85



Question 22. Derive expressions for temperature distribution and rate of heat transfer for a finite
long fin dissipating heat at its tip by convection.

Answer: The governing differential equation for the fin of uniform cross-section which describes the
temperature as a function of X and m is given as,

2
d—f—mZH:O,where, mZ:h—P orm= hP
dx KA, KA,

The general solution of this linear homogeneous, second order ordinary differential equation can be
given in the following form.

f=Ce™+Ce™ (i)
dg mx —mx .
i mC.e™ —mC,e (i)

The constants C, and C, can be determined by using below boundary conditions.
(i)0=T,-T_ =6, at x=0

(i) The fin is losing heat at the tip, i.e., heat conducted at the fin at X = L equals heat convected
from the end to the surroundings. Also at the tip of the fin A = A =A. Therefore,

_kA(d_T) :hA(T—TOO):>d—T=—M at x=1L
dx J,_, dx K

or 49 _ _he at x=L (iii) .90 _dt
dx k B Tdx dx

Using first b.c. in equation (i), we get: 6, =C, +C, = C, =6, -C,

From 1t b.c., 2" b.c. and expression (iii), at X = L, we have,

m -m h m -m
mCe™ -mC,e ™™ = _E[Cle “+C,e L]

C1(':‘mL - (90 - Cl)eimL N _%[Clem + (90 - C1)e7mL] [ C.=6, _Cl]
Cem —ge ™ +Ce™ =—Cem — g™ + I ce™
km km km
mL _mL h mL -mL -mL h
ClEe™+e™)+—E"-e™) =0 1-—
km km

B O,[1- (h/km)le™
LU Ie™ +e ™) + (h/km)(e™ —e ™ )]

and C,=6,——— ?O[Ll_ (h/km)]e_mt L [-C,=6,-C]
[(e™ +e™)+ (h/km)(e™ —e™™)]
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| 1—(h/km)]e™
C,=0,|1- mL -[mL ( ) mL_ o-mL
| (™ +e ™)+ (h/km)(e e")
C.—o @™ +e ™)+ (h/km)(e™ —e ™) —e ™™ + (h/km)e ™
S| (e™ +e ™)+ (h/km)(e™ —e ™)
C -0 ™ +e ™ 4+ (h/km)e™ — (h/km)e ™ —e ™™ + (h/km)e ™™
S| (e™ +e ™)+ (h/km)(e™ —e ™)

e G,[1+ (h/km)Je™
TP @™ e ™)+ (h/km)(e™ —e™)

Now substituting the values of C, and C, in expression (i), we get:

B O[L—(h/km)le™ ™ O,[L+ (h/km)Je™ o
CE™ +e ™)+ (h/km)@e™ —e™)] e™ +e ™)+ (h/km)e™ —e™)

g e—mL+mx _ (h/km)e—mLerx + emL—mx + (h/ km)emL—mx
0, (e™ +e ™)+ (h/km)Ee™ —e™)

B [em(L—x) + e—m(L—x)] + (h/ km)[em(L—X) _ e—m(L—X)]

0
0, @™ +e ™)+ (h/km)Ee™ —e™)

T-T, _ cosh[m(L—x)]+ (h/km)sinh[m(L — x)]
T -T, cosh(mL) + (h/km)sinh(mL)

0
0

_  coshIm(L = )1+ (h/km)sinh[m(L - x)]

or 0=0, -
cosh(mL) + (h/km)sinh(mL)

(d_@j _0 —msinh(mL) — (h/km)cosh(mL)
dx x:O_ °® cosh(mL) + (h/km)sinh(mL)

The rate of heat flow from the fin is given as,

—msinh(mL) — (h/km)mcosh(mL)
cosh(mL) + (h/km)sinh(mL)

Q= —ka(‘i—U = kA, %6,

<0 sinh(mL) + (h/km)cosh(mL)
° cosh(mL) + (h/km)sinh(mL)

Q=kAm
Substituting value of m = ,/hP/kA, and rearranging, we get:

— [NPKA « tanh(mL) + (h/km) tanh(mL)
Q= JNPKA 0, 1+ (h/km)tanh(mL)
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0= [hPKA x (T — tanh(mL) + (h/km)tanh(mL)
Q= hPRA (T, ~T.) 1+ (h/km) tanh(mL)
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CHAPTER -7

HEAT EXCHANGER

Question 7.1. Define a heat exchanger. Give its examples and applications.

Answer: A thermal device used to exchange of heat between two fluids at different temperatures is
called a heat exchanger, e.g., boiler, condenser and radiator. Heat exchangers find applications in
refrigerating and air-conditioning systems, power plants, food processing systems, chemical reactors
and aeronautical (or space) devices.

Question 7.2. What do you mean by direct and indirect contact heat exchangers? Briefly explain
with examples.

(i) Direct contact heat exchangers: A direct contact heat exchanger is a device in which hot and cold
fluids come in direct contact thereby heat transfer occurs. Here, fluids will be in different states such
as one fluid is in gaseous state (steam) and other is in liquid state, e.g., cooling towers, jet
condensers and open feed water heaters.

Non-condensable gases

Hot f\ﬁ

water <«
out

< Steam

(gaseous state)

Cold Water in

Direct contact heat exchanger

(ii) Indirect contact heat exchangers: An indirect contact heat exchanger is a device in which hot and
cold fluids do not come in direct contact and are separated by a wall through which heat transfer
takes place. Such heat exchangers are also called as recuperators. The separating wall may be a
simple plane wall or a tube or a configuration involving fins, baffles and multiple passes of tubes. The
indirect contact heat exchangers also include surface heat exchangers and regenerators.

When the hot and cold fluids are separated by double pipe arrangement (or concentric tube) it is
called double pipe heat exchanger or concentric tube heat exchanger.

Cold ﬂUId in Indirect contact heat exchangers
(Recuperators)
Hot Hot 1
fluid — —> fluid Surface heat [Regenerator] [ Double pipe ]
in —|:||_ out | exchanger heat exchanger
Cold fIU|d out

In regenerators same space is used alternately by hot and cold fluids between which heat is
exchanged. It generally operates periodically. Heat absorbed during the flow of hot fluid by the walls
of the heat exchanger is transferred to the cold fluid when it is made to flow through the heat
exchanger after the flow of hot fluid. A regenerator finds application in preheaters for steam power
plants.

Question 7.3. Give the classification of heat exchanger as per flow arrangements of fluids.
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Answer: According to flow arrangements of fluids (or direction of fluids) heat exchangers are given
below.

(i) Parallel flow heat exchanger: In a parallel flow heat exchanger, hot and cold fluids flow in the
same direction. The temperature difference (AT) of the fluids is maximum at its inlet and minimum
at the outlet and it keep on decreasing in the flow direction.

Hot fluid in, T,;, > — - — = Hot fluid out, T;,,
Cold fluid in, T;; &> —> > —>  —>Cold fluid out, T,
T

Th‘i

AT, =T, - T, T Tho AT =Too—Teo
AT, IATZ
TC,O
T Cold fluid
o AorL

Parallel flow heat exchanger

(ii) Counter flow heat exchanger: In a counter flow heat exchanger, hot and cold fluids flow in the
opposite directions. The inlet of hot fluid and outlet of cold fluid is at one end while the outlet of hot
fluid and inlet of cold fluid is at other end of the heat exchanger. The temperature difference (AT)

of the fluids remains almost constant for the whole length (L) of the heat exchanger.

Hot fluid in, T,; —> —> -> — > Hotfluidout, T,
Cold fluid out, T, , < < -« -« <« Cold fluid in, T;
T
Th,i \

Hot fluid AT, =T,,-T.,
AT, ' '
Tc,o Th,o
\\‘y IATZ
ATI :Th,i _Tc,o

Cold fluid Te

AorL
1 2

Counter flow heat exchanger

(iii) Cross-flow heat exchanger: In a cross-flow heat exchanger the hot and cold fluids generally flow
at right angle to each other.

Cold fluid in
| ¥ | ¥ | y | ¢I/Baffles
Hot fluidin—> —-> —> —>  — Hot fluid out
[T T T T
Hot fluidin—»> —> —>  — — Hot fluid out
I i I ' I J, I ¢I
Cold fluid out
Cross-flow heat exchanger

Question 7.4. Define evaporator and condenser.

Answer: Depending on the physical state of the fluids the heat exchangers are namely evaporator
and condenser. One of the fluids flowing through these heat exchangers changes phase.
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(i) Evaporator: In an evaporator, cold fluid evaporates at constant temperature (provided pressure
remains constant) while the temperature of hot fluid decreases from inlet to outlet.

(i) Condenser: In a condenser, hot fluid condenses at constant temperature (provided pressure
remains constant) by transferring the heat (latent heat) to the cold fluid. The temperature of cold
fluid increases from inlet to outlet.

T T
. Hot fluid
Thi Hotflmd T } T,
T Tc o
h,0 '
ol A co T, Cold fluid
Cold fluid '
L L
1 Evaporator 2 1 Condenser 2

Question 7.5. Briefly explain shell and tube heat exchanger and its types.

Answer: In a shell and tube heat exchanger, one of the fluids is passed through a bundle of tubes
enclosed by a shell. The other fluid flows through the shell which flows over the outside surface of
tubes. Here, clod fluid passes through the tubes (also called tube fluid) and hot fluid flows through
the shell (also called shell fluid). Baffles are used to guide the flow of fluid in the shell and it also
generates turbulence in the flow which causes better heat transfer due to increased heat transfer
coefficient. These heat exchangers are commonly used because they can be constructed with large
heat transfer surfaces in relatively small volume. These are suitable for heating, cooling, evaporating
or condensing applications

Hot fluid in
. Tube
Cold fluid plate  Shell Tubes
out \ v
Al
< < <
A
Baffle = = = -
plate = ZD = "
— — — =
-
— — — ted
Cold fluid et
o head
Hot fluid out

Shell and tube heat exchanger

When the two fluids flow through the heat exchanger only once, it is called single pass but when
both fluids passes through the heat exchanger more than once it is called multi-pass heat exchanger.
One shell and two tube pass and two-shell four tube pass are some of the multi-pass flow heat
exchangers.

Shell Shell fluid in
fluid IIUPS ¥ : :
in ul
¢ o IS
™S [
= Tube fluid in > Baffles 7
. T T
=>Tube fluid out Tube W
l fluid | }
Shell fluid out " ohell fluid out
One shell two tube-pass heat exchanger Two shell four tube-pass heat exchanger
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Question 7.6. List the variables involved in heat transfer analysis? What do you mean by logarithmic
mean temperature difference (LMTD).

Answer: The main variables involved in the thermal analysis of a heat exchanger are inlet fluid
temperature (T,), outlet fluid temperature (T,), the overall heat transfer coefficient (U ), total
surface area for heat transfer ( A) and the total heat transfer rate (Q ). Let subscripts h denotes the

hot fluid, ¢ denotes the cold fluid, i denotes the fluid at inlet, and 0 denotes the fluid at outlet of
the heat exchanger. The hot fluid transfers a part of its energy to the cold fluid. Therefore, enthalpy
of the cold fluid increases and there will be a corresponding decrease in enthalpy of the hot fluid as
given below.

Q=myc, (Th,i _Th,o) =C, (Th,i _Th,o)
Q = mccc (Tc,o _Tc,i) = Cc (Tc,o _Tc,i)

Here, M, = mass flow rate of hot fluid in kg/s, m, = mass flow rate of cold fluid in kg/s,c, =
specific heat of the hot fluid in J /kg.K , ¢, = specific heat of the cold fluid in J /kg.K , C, =m,c, is

the heat capacity (or heat capacity rate) of hot fluid and C, =m.C, is the heat capacity (or heat
capacity rate) of cold fluid.

The temperature difference between the hot and cold fluids AT =T, —T, varies with position in
the heat exchanger, therefore, the actual rate of heat transfer will be given by the expression,
Q =UAAT . Here, AT, is the appropriate mean temperature difference across the heat exchanger

structure.

For parallel and counter flow heat exchangers this mean temperature difference will be having
logarithmic relation, and can be given by AT, (log mean temperature difference or LMTD).

Therefore, the total heat transfer rate between the hot and cold fluids can be calculated by using the
below equation.

Q =UAAT,, =UAx (LMTD)

Question 7.7. Give the assumptions for the analysis of LMTD for parallel and counter flow heat
exchangers.

Answer: For parallel and counter flow heat exchangers the logarithmic mean temperature difference
(LMTD) analyses are described by considering the below assumptions.

(i) The flow conditions are steady, (i) The overall heat transfer coefficient (U ) is constant
throughout the heat exchanger, (iii) The specific heats of both the fluids are constant, (iv) The
potential and kinetic energies changes are negligible, (v) The heat exchanger is perfectly insulated,
i.e., no heat loss to the surroundings, (vi) Axial conduction along the tube is negligible and (vii) There
is no change of phase either of the fluid during the heat transfer.

Question 7.8. Derive an expression for LMTD for a parallel flow heat exchanger.

Answer: The LMTD method is preferred in evaluating the performance of a heat exchanger when the
inlet and outlet temperatures of the fluids are either known or can be easily determined. Figure
shows variation of temperatures of the hot and cold fluid streams in a parallel flow double pipe heat
exchanger along its length.

92



h,0

IAT2

c,0

ATZ = Th,o 7Tc,o

T,
AT, :Th,i 7Tc‘i T

1 > AorL
Parallel flow heat exchanger

The heat transfer between the cold and hot fluids for an elementary area dA is given by,
dQ =UdA(T, —T,) =UdAAT

The temperature of hot fluid decreases and that of cold fluid increases along the length of heat
exchanger (L). The hot fluid is cooled by dT, and the cold fluid is heated by dT,, therefore,

negative and positive signs are shown in below equations.
The energy balance to differential element between hot and cold fluids gives,
: dQ
dQ == —ththh = _Cthh = dTh = —C—
h

dQ=+m.cdT, =+C dT, = dT, = i—Q

c

Since, AT =T, =T,
Thus, d(AT) =dT, —dT, (differentiating)

Substituting values of dT, and dT,, we get,

d(AT):—i—Q—i—Q:—dQ(Ci+Cij

c c

Substituting dQ = UdAAT in above equation, we get,

d(AT) = —UdAAT| L+ L
C, C

h c

M:—U i+i dA
AT c'c

c

Integrating the above expression from the inlet section 1 to exit section 2, we get,

AT, 2
J-d(AT)z_ (i+ideA
g AT C, C. )\

In A_TZ =—U i+i
AT, C, C.
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We know that,

. Q
—me (T ~T,.)=C,(T, -T,.)=C, =— 2
Q=mC,(T,; = Tyo) =Cy (T = Tho) T T

. Q
And Q:mccc(Tco_Tci):Cc(Tco_Tci):Cc:
Y Y Y ' (Tc,o _Tc,i)

Substituting the values of C, and C_ in above equation, we get,

AT UA
In| 222 | == 22T . T, )+ (T, ~T.,
ATl Q [( h,i h,o) (Tc,o c,|)]
AT, UA
or In| 22 |=-=2[T,, ~-T..)= (T, -T.
r ATl Q [( h,i c,|) ( h,o c,o)]
RO ARRT Y
AT, Q
or Q:UAM:UAATW [- Q =UAAT, ]
In(AT, / AT,)
ATIm — LMTD = (ATZ _ATl) _ (ATl_ATZ)

" In(AT,/AT,)  In(AT,/AT,)

Here AT =T,;—T.; and AT, =T, , —T

C,i c,0
Question 7.9. Derive an expression for LMTD for a counter flow heat exchanger.

Answer: Below Figure shows the variation of temperatures of the hot and cold fluid streams in a
counter flow double pipe heat exchanger along its length. Here, hot and cold fluids flow in opposite
direction, therefore the outlet temperature of cold fluid may exceed the outlet temperature of hot
fluid.

AT, =T, ,-T.

c,i
Th ,0
IATZ

T

c,i

Cold fluid
1 b 5 >AorL

Counter flow heat exchanger

The temperature of hot and cold fluids decrease along the length of heat exchanger (L). Applying
the energy balance to differential element, we get:

dQ = —m,c,dT, =—C,dT, = dT, = —‘é—Q

h
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dQ =-,c,dT, =—C,dT, = dT, = _(é_Q

AT =T -T,
-~ d(AT)=dT, —dT,

Substituting values of dT, and dT,, we get,

d(AT):—i—Q+i—Q:—dQ(Ci—CiJ

c

The heat transfer between the cold and hot fluids for an elementary area dA is given as
dQ =UdA(T, —T,) =UdAAT . Substituting this value of dQ in above equation, we have,

d(AT)=—UdAAT(i—i]
C

h c

or @D _ _y[L_1l4a
AT C, C,

Integrating the above expression from the inlet section 1 to exit section 2,

CTERy

|{AL):4M@£_1J
AT, C, C.
We know that,

Ch=—r—r—"—= [-Q=C,(Tyi —Ty,)]

= +Q=C(T,, —T,,
c O-C’O _Tc,i) [ Q c(Tc,o c,|)]

Substituting the values of C, and C_in above equation,

AT UA
In| =2 |=——[(T,,-T,,)-(T..-T..
ATl Q [( h,i h,o) ( c,0 c,l)]
AT UA
0 In| =22 |=—="[(T,.-T..) = (T, -T..
r ATl Q [( h,i c,o) (Th,o C,I)]
o AT Z YA 1)
AT, Q
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A AT, —AT)

Or Q - |n(AT2 /ATl) - Tlm [ Q = UAATlm]

_ (AT,—AT) _ (AT,—AT)
IN(AT,/AT,)  In(AT,/AT,)

- AT, =LMTD

Here, AT, :Th'i —T,, and AT, :Th,o -T

c,0 c,i

The LMTD for a counter flow heat exchanger is always greater than that for a parallel flow heat
exchanger. Therefore, counter flow heat exchanger transfers more heat than a parallel flow heat
exchanger. In other words, a counter flow heat exchanger needs a smaller heating surface area for
the same rate of heat transfer, hence it is generally preferred.

Note: In a case when AT, =AT,, then LMTD from above equation become indeterminate.

Therefore, in such a situation, LMTD becomes average of the inlet and outlet temperature
difference.

Thatis, AT, = LMTD = AT+ ATz)

Question 7.10. Derive the overall heat transfer coefficient for a double pipe heat exchanger. Also
define fouling and its effect on overall heat transfer coefficient.

Answer: Here, various thermal resistances are given as below.

1 1 _R:In(rolri)_R 1 1

Rhf = = » Yy » R = =
Ai hhf 27”] thf 27ZkL thcf 27Z.r0 Lhcf

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer
of the exchanger remains constant and it can be given as,

Thf _Tl :Tl_Tz :Tz _ch

Rhf R1 Rcf
Hot fluid _____ ~ 1 1
N Ry = =
Ahy 27t Lhy
_In(r, /1)
t2zkL
R — 1 1

(Thermal circuit)

Thus Ty —T,=QRy; T,-T, =0QR; T, =T, =QR;

Adding these expressions, we get: T,, — T, =Q[R + R, + R ]
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— Thf _ch — (Thf _ch)
R + R+ Ry 1, In(/r), 1
2atlh,  27kL 21, Lh,

~Q

The rate of heat transfer from the hot to cold fluid can be written as below.
Q = UA(Thf _ch )

Here, U is the overall heat transfer coefficient and A is the area normal to the direction of heat
flow. For a hollow cylinder the area varies with radius. Therefore, it becomes necessary to specify

the area on which U is based. U; is the overall heat transfer coefficient based on inner area and

U, is the overall heat transfer coefficient based on outer area.

Thus  Q=UA(T; —Ty)=UA Ty —Ty)
or Q:UiXZﬂriLx(Thf _TCf):UoXZﬂroLX(Thf _ch)

The heat transfer rate is given by,

Q=U,x2mL= !
1 In(r,/r,) 1
+ +
2mheL 27kL  2arhgL
. U — l

1 r r r 1
[hhf k (rJ rohcf}

The heat transfer rate is given by,

Q=U, x2ar L= L
1 In(r, /1) 1
+ +
2athL  27kKL  2arh,L
U - 1

° r 1 r r 1
7074_70'” o
hhye k (rn) hy

Question 7.11. Define fouling and fouling factor. Also give the expressions for finding the overall
heat transfer coefficient when fouling is considered for a double pipe heat exchanger.

Answer: The deposit (rust, scale, slit or cake) formed on the heat transfer surface of the heat
exchangers is called fouling. Fouling increases the thermal resistance, thus decreases the heat

transfer rate. Fouling factors F is introduced to include the effect of fouling. F, and F, are the

fouling factors based on inner and outer areas, respectively.

Fouling factors are determined experimentally by testing the heat exchanger in both the clean and
dirty conditions as,
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U U

dirty clean

Scale resistance due to fouling is given by,

Scale Resistance = Lt + R__R + R
A A 2mL 2mL

The heat transfer rate is given by,

Q=U,x2mL= !
1 In(r,/r,) 1 F F,
+ + + +
2ah, L 27kL  2arh,L 2arL 2L
U, = 1

i+£In L +£i+ F LN F,
hhf k rl r0 hcf ro

The heat transfer rate is given by,

Q=U, x2a,L =

1 In(r,/r,) 1 F F,
+ + + +
2mh, L 272kL  2arh,L 22l 2ar L

o' cf

1

ii+iln o +i+r—°><l:i+FO
rh, k (r) hy r

i cf i

U

In case the tube is thin walled and thermal resistances due to tube wall thickness and fouling are
neglected, then overall heat transfer coefficient becomes,

U,=U,=U =;
[1/h, +1/h,]

Question 7.12. A parallel-flow double pipe heat exchanger uses hot oil having specific heat of 1.5
kJ/kg °C to heat water at the rate of 9000 kg/h. The oil enters the heat exchanger at 185 °C and
leaves at 135 °C. The inlet and exit temperatures of water are 35 °C and 85 °C, respectively. Take
specific heat of water as 4.2 kl/kg °C. If overall heat transfer coefficient from oil to water is 800
W/m? °C, determine the heat transfer area. Also find the increase or decrease in area if the fluids
were made to flow in counter direction.

Solution Let ¢, =1.5kJ/kg°C, m, =9000/3600=25kg/s, T,, =185°C, T,, =135°C,
T, =35°C,T,,=85°C, ¢, =4.2kJ/kg°C and U =800W /m?°C .
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T T
T Hot oil T Hot oil
¢ Th,o ATII
AT, AR Tho
T, AT,
l Tc i
T Cold water Cold water :
' 2 AorL ! 2 AorlL
Parallel flow heat exchanger Counter flow heat exchanger

(i) For parallel-flow heat exchanger

AT, =T,,~T,, =185-35=150°C and AT, =T,,~T., =135-85=50°C

c C,

_ (AT, —-AT,)  (150-50)

= = =91.024°C
In(AT,/AT,)  In(150/50)

AT, =LMTD

Q =UAAT,
M, xC, x (T, , =T, ;) =UAAT, ,

2.5x4.2x10° x (85—35) =800x Ax91.024
s A=7.21m’ (Ans.)

(ii) For counter-flow heat exchanger

AT, =T,,-T,,=185-85=100°C and AT, =T,, —T,, =135-35=100°C
AT, = LMTD = AT, + AT, _100+100 ~100°C
Now Q=UAAT,
m, x ¢, x(T,, —T,;) =UAAT,
2.5x4.2x (85— 35) =800x Ax100
- A=6.5625m"
.. Decreasein area = 7'217_—215625x100 =8.98% (Ans.)

Question 7.13. The flow rates of hot and cold water streams flowing through a parallel-flow heat
exchanger are 0.25 kg/s and 0.5 kg/s, respectively. The inlet temperatures of the hot and cold water
are 80 °C and 25 °C. The exit temperature of hot water is 45 °C. If the heat transfer coefficients on
hot and cold sides are 650 W/m?2 °C and 640 W/m? °C, respectively, calculate the area of the heat

exchanger. Take specific heat of water as 4.186 kJ/kg °C.

Solution Let , =0.25kg/s, m =0.5kg/s, T,; =80°C, T,,=25°C, T, ,=45°C,
h,; =650W /m? °C, h,; =640W /m?* °C and ¢, =c, =4.186kJ/kg°C.

The heat transfer rate is calculated as,
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Q=m,c, (T, —T,,) =0.25x4.186x 10" x (80— 45) = 366275 J /s

Thi Hot water
¢ Th, o
AT, IATZ
TC 0

TLW

2
Parallel flow heat exchanger

AorL

First to calculate outlet temperature of cold water as below,

Heat lost by hot water = Heat gained by cold water
M, <G, x (T =T, o) =M xc x (T, —T¢;)
0.25x4.186x10° x (80— 45) = 0.5x4.186x10° x o —25)
o T,,=425°C
For parallel-flow heat exchanger
AT, =T,;-T,,=80-25=55°C and AT, =T, , T , =45-425=25°C

(AT,—AT,) _ (55-2.5)

- ~16.98°C
IN(AT,/AT,)  In(55/2.5)

-~ AT, =LMTD =

The overall heat transfer coefficient becomes,

1 1

U= = ~32248W /m? °C
[1/h, +1/h,] [L/650+1/640]

Now Q=UAAT,

A Q 366275
N UAT, 322.48x16.98

Im

=6.69m? (Ans.)

Question 7.14. The data for a shell and tube parallel flow heat exchanger to heat the air in the tube
by hot exhaust gases flowing in the shell is given as: Thermal conductivity of the tube wall is 350
W/m °C, Heat transferred per second is 43.2 kJ/s, Inside and outside heat transfer coefficients are
125 and 200 W/m?2°C, respectively, Inlet and outlet temperature of the hot fluid are 455 and 255 °C,
respectively, Inlet and outlet temperature of the cold fluid are 65 and 125 °C, respectively, Inside
and outside diameters of the tube are 60 and 80 mm, respectively. Evaluate the length of the tube
required for the necessary heat transfer to occur.

Solution Refer Figure in the above question.

let k=350W/m°C, Q=432kJ/s, hC’f =125W /m? °C, hh’f =200W /m? °C,
Th'i =455°C, T,L0 =255°C, Tc'i =65°C, Tc,o =125°C, d,=60mm=0.06m and
d, =80mm=0.08 m.
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h=d,/2=0.03mand r,=d,/2=0.04m
Let 'L' be the length of each tube in meter which is to be determined.
For parallel-flow heat exchanger
AT, =T, -T,, =455-65=395°C and AT, =T, ,—T,, =255-125=130°C

c cC,

_ (AT, —AT,) _ (395-130) _ 00 4c 00
IN(AT,/AT,)  In(395/130)

- AT, =LMTD

The overall heat transfer coefficient based on outer surface of the inner tube is given by,

1

r 1 r r 1
707+70|n _0 4+
hhye ko\r) hy

U - 1
° 1004 1 0.04, (004 1
X + In +
0.03 200 350 (0.03) 125

Now Q=UAAT,, =U x(7xd,xL)xAT,,

Since U, =

—68.03W /m*C

Q 432x10°

= = ~10.6 m (Ans.)
Uxzxd,xAT,, 68.03x7x0.08x23845

Question 7.15. The water flows through the inner pipe of a parallel flow heat exchanger which is
heated from 20 °C to 70 °C. The hot oil flowing through the annulus is cooled from 200 °C to 100 °C.
It is desired to heat the water to a highest possible exit temperature by increasing the length of the
heat exchanger. Evaluate the maximum temperature to which the water may be heated.

Answer: Let T, =20°C, T, ,=70°C, T,;=200°C, T, ,=100°C,
Heat lost by hot oil = Heat gained by cold water

M, x ¢, x (Ty; =T o) =M, xc x (T, = T;)

m,, x ¢, x (200—100) =m, xc_ x (70— 20)

m, xC, =2xm, xC,

Let 'T' be the highest possible exit temperature of water which will also be the lowest temperature

of oil.
Hence m, x¢C, x(200—-T)=m,xc, x (T —20)
m, x ¢, x(200—T) =2xm, xc, x(T —20)

200-T =2x (T —20)
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T =80°C (Ans.)

Question 7.16. An oil cooler cools the oil (c = 2.09 kiJ/kg °C) flowing at a rate of 1800 kg/h from 80 °C
to 40 °C using water (c = 4.2 kJ/kg °C) flowing at a rate of 1800 kg/h at 30 °C. Give your choice for a
parallel or counter flow heat exchanger. If the overall heat transfer coefficient is 25 W/m? °C,
evaluate the surface area of the heat exchanger.

Answer: let ¢, =2.09kJ/kg°C, m, =1800kg/h=1800/3600=0.5kg/s, T, =80°C,
T,,=40°C, ¢, =4.2kJ/kg °C, m,=1800kg/h=1800/3600=0.5kg/s T,;=30°C and
U =25W/m?°C.

Let 'A' be the area of heat exchanger which is to be determined.

First to calculate outlet temperature of cold water as below,

Heat lost by hot oil = Heat gained by cold water

M, xC, x (T =T, o) =M. xc x (T, —T.;)
0.5x2.09x10° x (80— 40) = 0.5x4.2x10° x o —30)
o T, =499°C

Since outlet temperature of water is higher than the outlet temperature of the oil, therefore,
parallel-flow is impossible. Hence, counter-flow cooling arrangement is desired. (Ans.)

T
Thl

‘ Hot oil
ATII \K}\
Tc,o Th,o
\T\‘\ IATZ

Cold water el

1 2 AorlL
Counter flow heat exchanger

For counter-flow heat exchanger
AT =T, -T., = 80-49.9=30.1°C and AT, =T~ Ti= 40-30=10°C

_ (AT, —-AT,) (301-10)

< AT, =LMTD = - -
IN(AT,/AT,)  In(30.1/10)

18.24°C

Now Q=UAAT,
mc X Cc X (Tc,o _Tc,i) = UAATlm
0.5x4.2x10° x (49.9-30) = 25x Ax18.24

. A=91.645m? (Ans.)

102



Question 7.17. Saturated steam at 120 °C is condensing on the outer surface of a single pass heat
exchanger. The overall heat transfer coefficient is 1800 W/m? °C. Determine the surface area of heat
exchanger capable of heating 0.28 kg/s of water from 20 °C to 90 °C. Also compute the rate of
condensation of steam. Take enthalpy of vaporization and specific heat as 2200 kJ/kg and 4.2 kl/kg
°C.

Answer: T, =T, , =120°C, U =1800W /m*°C, m_ =0.28kg/s, T,;=20°C, T,, =90 °C,
h;, =2200kJ/kg and ¢, =4.2kJ/kg °C.
AT, =T,,~T.,=120-20=100°C and AT, =T,, -T,, =120-90=30°C

T

Hot fluid T
Toi g ___fAT2
AT, /T/)/‘ T,
T, ¥ Cold fluid
1 Condenser 2 -
AT = LMTD = AT, — AT, _ 100-30 _5814°C
In(AT,/AT,) In(100/30)

Now Q=mxc x(T , —T.)=0.28x 4.2x10° x (90— 20) =82320J /s
Also  Q=UAAT,,

. Q 82320
UAT,, 1800x58.14

Im

=0.787m? (Ans.)

Now Q=m,xh

. Q 82320
mS =
h 2200x10°

fg

=0.037kg/s (Ans.)

Question 7.18. Define (i) Capacity ratio (C), (ii) Effectiveness of heat exchanger (&) and (iii)
Number of transfer units (NTU) .

(i) Capacity ratio (C): It is defined as the ratio of the minimum heat capacity to the maximum heat

capacity.

C — min

max

OO0

In parallel or counter flow heat exchangers, the hot or cold fluid may have the minimum value.

. . mc, C
If m,c, >m,cC, then C=—Ft=—-F
thh Ch
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. . mec, C
If m,c, <m.cC, then C=—""1="h
mc, C

c

The relative temperature change of the two fluids is inversely related to their heat capacity. That is,
fluid with a smaller value of heat capacity experiences the greater change in temperature.

(ii) Effectiveness of heat exchanger (¢&): It is defined as the ratio of the actual heat transfer to the
maximum possible heat transfer.

oo Actual heat transfer _Q
Maximum possible heat transfer Q

max

The actual heat transfer is given as,
Q= mhch (Th,i _Th,o) = mcCc (Tc,o _Tc,i)
or Q=C,(Thi —Tho) =Cc(T., —Tei)

Maximum possible heat transfer (Q,.) occurs when a fluid of small heat capacity (C..,)
undergoes maximum temperature change. Both for the parallel and counter flow heat exchangers,
the maximum temperature difference available is equal to the inlet temperature of hot fluid (I'h,i)

minus the inlet temperature of cold fluid (T.:), ie.

Maximum available temeprature difference= (T, - T;) .
Qmax = Cmin(Th,i _Tc,i)

Q _ Ch(Th,i_Th,o) _ Cc(Tc,o_Tc,i)
Qmax Cmin(Th,i _Tc,i) Cmin(Th,i _Tc,i)

Since either the hot or cold fluid may have the minimum value of heat capacity, hence there are two
possible below values of effectiveness.

(Th,i _Th o)

If C, <C, then C is minimum, .. &=-——""-

(Th,i _Tc,i)

(Tc,o _Tc,i)
(Th,i _Tc,i)

Therefore, effectiveness is simply a ratio of the temperature change of the fluid with the smaller
heat capacity to the maximum temperature difference available in the heat exchanger.

If C, <C, then C, is minimum, .". & =

(iii) Number of transfer units (NTU ) : The number of heat transfer units (NTU ) is a dimensionless
parameter and is defined below.

NTU = 2

min

It is a measure of the size of heat exchanger. The larger the value of NTU , the closer the heat
exchanger reaches its thermodynamic limit (full effectiveness) of operation.
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Question 7.19. Derive an expression for effectiveness of a parallel flow heat exchanger.

Answer: A heat exchanger is generally designed by using effectiveness-NTU method when the outlet
temperatures of fluids are not given. Figure shows variation of temperatures of the hot and cold
fluid streams in a parallel flow double pipe heat exchanger along its length.

AT, =T, ,—T

c,0

> Aor L

1 2
Parallel flow heat exchanger

The heat transfer between the cold and hot fluids for an elementary area dA is given by,

dQ = UdA(Th _Tc)
The energy balance to differential element between hot and cold fluids gives,
_dQ

h

dQ = +m,c.dT, = +C,dT, = dT, = ‘é_Q

d(Th—Tc):—dq[ - ij

dQ=-m.cdT, =-C.dT, =dT, =

—+
Ch Cc

Substituting dQ =UdA(T,, —T,) in above equation and rearranging, we get,

dT,-T,) _ Udb{l 1]
(T.-T.) C, C

Integrating the above expression from the inlet section 1 to exit section 2, we get,

ESS IR EREA
(Th =) C G

ATy

In (Th,o _Tc,o) =—UA(i+iJ (i)
(Th,i _Tc,i) Ch Cc

We know that,

_ Ch(Th,i_Th,o) _ Cc(Tc,o _Tc,i)
Cmin(Th,i _Tc,i) Cmin (Th,i _Tc,i)
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The values of T, , and T_ are obtained from above equation as,

Cmin Cmin
C (Th,i _Tc,i)g and Tc,o :Tc,i +C_(Th,i _Tc,i)g

h c

Tho=Thi—
1 1
S (Mo =Teo) = (T = Tei) = Cin (T _Tc,i)g(_ ’ C_J

Ch c
v T g (3]
(I-h,i _Tc,i) Ch Cc

Now substituting this value in equation (i), we get:

Inf1-¢£C,;, i+i =-U i+i

C, C. C, C.

or 1-¢C.., i+i =exp| —U i+i
C, C. C, C.

. _1-exp[-UAW/C, +1/C,)] _ 1-exp[-UA/C,(1+C, /C,)]

or
C,.,(1/C, +1/C,) C../C,@+C,/C,)
If C, is assumed minimum, then C, < C, and therefore C, =C_;, and C, =C__,, then
&= 1- exp[_UA/Cmin(1+ Cmin /Cmax)]
(1+ Cmin /Cmax)

But  NTU =UA/C_ and C=C,, /C,.,,

oo 1-exp[-NTU (1+C)]
B (1+C)

The same expression will be obtained when the cold fluid has the minimum heat capacity.
Question 7.20. Derive an expression for effectiveness of a counter flow heat exchanger.

Answer: Below Figure shows the variation of temperatures of the hot and cold fluid streams in a
counter flow double pipe heat exchanger along its length.

Thi dQ dTh Hot
: AT, =T, -T.,
ATII T fluid | AT2=Tho =T,
Tc,o Th,o
i IATZ
AT, =T, ~T., ¥ T 5 T
dT, (d_A); Cold fluid
1 — AorlL

Counter flow heat exchanger

Applying the energy balance to differential element, we get:
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_dQ

h

dQ=-m.cdT, =-C.,dT, =dT, =

dQ=-m.dT, =-CdT, =dT, =— (i:Q
~d(T, -T)=dg -1
c. ¢,

The heat transfer between the fluids for an elementary area dA is given as dQ =UdA(T,

Substituting this value of dQ in above equation and rearranging,

d(Th ) Ud i_i
(rh c) Cc Ch

Integrating the above expression from the inlet section 1 to exit section 2,

A -T) (1 1)
I T, -T,) U(c__c_thdA
h,o T

T -T..
_ho "¢t =U i_i
Th,i _Tc,o Cc C:h

T T
Th,o_Tc,i Cc Ch

In

T, T
or M__©0 —exp| —UA N (i)
Th,o _Tc,i Cc Ch
We know that,
_ Ch(Th,i_Th,o) _ Cc(Tc,o _Tc,i)
Cmin(Th,i _Tc,i) Cmin(Th,i _Tc,i)

The values of T, ; and T_ are obtained from above equation as,

)g andT mm (Thl_ CI)

Co
Too = Toi — (T, , T,
h, h, Ch h

Substituting these values in Equation (i), we get:

T T —(C. IC)T. —T.
h,i ci ( min c)(Th,I CJ)E :exp[_UA(]'/CC _1/Ch)]

Thl _(émin/Ch)(rh,i _Tc,i)g_Tm

or (Th,i —Tcyi)[l_ (Crin/C)¢] =exp[-UA(L/C, -1/C,)]

(Th,i _Tc,i)[l— (Coin/Cp)e
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[1_ (Cmin /Cc)g] _ ] _
or [1-(C../C)e =exp[-UA(1/C, -1/C,)]

min

1- %g =exp[-UA(/C, -1/C,)]-(C,;,/C,)e.exp[-UAL/C, -1/C,)]

c

1-exp[-UAL/C, -1/C,)] = %g - % £.exp[-UAL/C, -1/C,)]

c h
1-exp[-UA(L/C, ~1/C,)] = £[(Cyyn/ C.) = (Cpin/ C, ) eXp{-UA/C, ~1/C,)}]

_ 1-exp[-UA(1/C, -1/C))]
C,..[1/C,—1/C, exp{~UA/C_ (1-C./C )]

e 1-exp[-UA/C (1-C_/C,)
Coin/ C.[1-(C, /C,)exp{-UA/C,(1-C,/C,)}

If C, is assumed minimum, then C, < C, and therefore C, =C_;, and C, =C_ ., then

1_exp[_UA/Cmin(1_Cmin /Cmax)]
Cmin /Cmin[l_ (Cmin /Cmax)exp{_UA/Cmin(l_Cmin /Cmax)}]

Buu  NTU =UA/C_ and C=C,, /C,,,

n

_ 1-exp[-NTU(@-C)]
~ 1-Cexp[-NTU (1-C)]

The same expression will be obtained when the hot fluid has the minimum heat capacity.
Question 7.21. Derive expression for the effectiveness of a condenser.

Answer: The rate of heat transfer in a condenser is given by,

Q :Ch (Th,i _Th,o)
Q Q
- Co= ===0w=_C T =T
h Tth _Thvo 0 N max ( h,i h,o)
C Cmin — len — 0
Cmax ©

o 1—exp[-NTU (1+C)]

(Parallel-flow)
@+0C

Now

Substituting C =0 in the above expression, we get:
e=1-exp(—NTU)

_ 1-exp[-NTU(@L-C]]
~ 1-Cexp[-NTU (1-C)]

Now (Counter-flow)
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Substituting C =0 in the above expression, we get:
e=1—exp(—NTU)

Hence for both types of flow, the effectiveness of a condenser is given by,
e=1—exp(—NTU)

Question 7.22. Derive expression for the effectiveness of an evaporator.

Answer: The rate of heat transfer in an evaporator is given by,

Q:Cc(Tc,o _Tc,i)
Cc: Q _gzoo:Cmax (".TcozTci)
Tc,o _TCI 0 ' '
C — Cmin — Cmin =0
C:max 0

Now substituting C =0 in the expressions for effectiveness of an evaporator for parallel and
counter flow conditions, we get:

oe 1—exp[-NTU (1+0)]

1+ 0) =1-exp(—NTU) (Parallel-flow)

_ 1-exp[-NTU (1-0]]

£= =1-exp(—NTU) (Counter-flow)
1-0exp[-NTU (1-0)]

Hence for both types of flow, the effectiveness of an evaporator is given by,
e=1-exp(—NTU)

Question 7.23. Derive expressions for the effectiveness of a regenerator for parallel and counter
flow conditions.

Answer: In the case of typical regenerators, C_;, =C, .,

,-,C:ﬁzl
C

max

o 1—exp[-NTU (1+C)]
- 1+C)

(Parallel-flow)

(i)

Substituting C =1 in the above expression, we get:

o 1-exp[-NTU (1+1)] 1-exp(-2NTU)
- 1+1) - 2

.~ 1-exp[-NTU @-cJ
~ 1-Cexp[-NTU (1-C)]

(Counter-flow)

(ii)

Substituting C =1 in the above expression, we get:
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1—-exp[-NTU (1_1)] _0 , which is indeterminate.

T 1-Ixexp[-NTU(L-1] 0

Therefore, applying L, Hospital’s rule, we get:

)
— [1—exp{-NTU(1-C)}}]
¢ = Limit—¢C NTU

oot afé[l—c:exp{—NTu a-cyy 1tNTU

Question 7.24. In a double pipe parallel flow heat exchanger hot water flows at a rate of 50040 kg/h
and gets cooled from 95 °C to 65 °C. The cooling water enters at 30 °C in the exchanger at a rate of
50040 kg/h. Determine the heat transfer area and the effectiveness if overall heat transfer
coefficient is 2270 W/m?2°C and specific heat of hot and cold water is 4.2 kl/kg °C.

Solution Let rh, =50040/3600=13.9kg/s, T,,=95°C, T,,=65°C, T.,=30°C,
m, =50040/3600=13.9 kg/s, U = 2270W /m’ °C, and ¢, =c, = 4.2 kJ /kg °C .

T

¢ Th,o
/’—‘ TC‘O
T.. Cold water

c,

1
2
Parallel flow heat exchanger

Aor L

First to calculate outlet temperature of cold water as below,

Heat lost by hot water = Heat gained by cold water
MGy (T —Tho) =MC.(Te o —Tei)
13.9x4.2x10° x (95— 65) =13.9x4.2x10° x co —30)
o T.,=60 °C
For parallel-flow heat exchanger

AT, =T, ~T,, =95-30=65°C and AT, =T,,~T,, =65-60=5°C

AT =LMTD = AT =AT, _ 6525 533900
In(AT,/AT,)  In(65/5)

Now Q=UAAT,,

Q _ MCh (Thi —Thoo)
UAT, UAT,

Im Im

Thus A=

3 _
p=139%4.2x10°x(95-65) _ 4, ga5 2 (nnc )
2270% 23.39
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Q _ Ch(Th,i _Th,o) _ (Th,i _Th,o)

Now E= = = ( Ch = Cmin = Cc)
Qmax Cmin(Th,i _Tc,i) (Th,i _Tc,i)
£= 95-65 =0.4615 (Ans.)
95-30

Question 7.25. A counter flow heat exchanger is used to cool 0.56 kg/s of ail (c = 2.5 ki/kg °C) from
105 °C to 30 °C. The cold water enters at 15 °C and comes out at 80 °C. Use NTU-effectiveness
method for determining the water flow rate, effectiveness and heat transfer area of heat exchanger
if the overall heat transfer coefficient is 1500 W/m?2°C and specific heat for water is 4.2 kJ/kg °C.

Solution Let M, =0.56kg/s, ¢, =25kJ/kg°C T,,=105°C, T,,=30°C, T.,=15°C,
T.,=80°C, U =1500W /m? °C and ¢, =4.2kJ/kg°C.

Hot oil

2 AorlL
Counter flow heat exchanger

(i) MG (Toi = Tho) = MeC(Teo = Tei)
0.56x 2.5x10° x (105—30) =, x4.2x10° x (80—15)
-.m, =0.385kg/s (Ans.)

(ii) C, =m., =0.385x4.2x10*=1617J/s°C (C,,)
C, =m.c, =0.56x25x10° =1400J/s°C (C,,,)

C= h = @ =0.866
C. 1617

T,i~T.. 105-30
T,,-T., 105-15

C

&

=0.833 (Ans.)

_ 1-exp[-NTU(L-C]]
~ 1-Cexp[-NTU (1-C)]

(iii)

)

(Counter-flow)

£—&Cexp[-NTU (1-C)]=1-exp[-NTU (1-C]]
£—1=Cexp[-NTU (1-C)]—exp[-NTU(1-C)]
e—1=exp[-NTU (1-C)]x (¢C 1)

c-1

exp[-NTU (1-C)] = 1
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0.833-1
0.833x0.866-1

exp[-NTU (1-0.866)] =

_0.134NTU = In[ 2267
0.2786
- NTU =382
UA NTU xC,,, _3.82x1400

NTU = - = A= =3.565m? (Ans.)

min

U 1500

Question 7.26. A hot fluid at 200 °C enters a parallel flow heat exchanger at a mass flow rate of
10008 kg/h. Its specific heat is 2000 J/kg °C. It is cooled by another fluid entering at 25 °C with a
mass flow rate of 2502 kg/h having specific heat of 400 J/kg °C. Using NTU-effectiveness method
determine the outlet temperature of the hot fluid if the overall heat transfer coefficient based on
outside area of 20.2 m?is 255 W/m °C.

Solution Let T, ; =200 °C, m, =10008kg/h=2.78kg/s, c, =2000J/kg°C, T.;i=25 °C,

m, =2502kg/h =0.695kg/s, c, =400J /kg°C, A=20.2m* and U =255W /m’ °C.

Thi Hot fluid
¢ Th‘o
TC‘O
T Cold fluid

2 AorlL
Parallel flow heat exchanger

C, =m,C, =2.78x2000=5560J/s°C (C,,)
C, =, =0.695x400=278J/s°C (C,,)

_C,. 278

C,. 5560
NTU = YA _255x202 00
Cmin 218
. 1-exp[-NTU (1+C)] _ 1-exp[-18531+0.09)] _ o,
1+C) (1+0.05)
Q _ Ch (Th,i _Th,o)

Also &= =
Qmax Cmin(Th,i _Tc,i)
5560 (200—T, ,)

Thus 0.952=
278x (200-25)
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0.952x 278x (200 — 25)

=191.67 °C (Ans.)
5560

~.T,, =200

Question 7.27. Two fluids A and B exchange heat in a counter flow heat exchanger. Fluid ‘A’ (specific
heat 1000 J/kg °C) enters at 420 °C having a mass flow rate of 1 kg/s. Fluid ‘B’ (specific heat 4000 J/kg
°C) enters at 20 °C which also has a mass flow rate of 1 kg/s. The effectiveness of heat exchanger is
0.75. Determine the exit temperature of fluid and heat transfer rate.

Solution Let ¢, =1000J /kg °C T,;=4 2°Q, m,=1kg/s, c,=4000J/kg°C,
T.;=20°C, m =1kg/s and £=0.75.

T
Thi Fluid A
TC-0 Th,o
. T
Fluid B o
1 2 "AorlL

Counter flow heat exchanger

Since only inlet temperatures are given for both fluids, therefore, we have to use NTU-effectiveness
method.

C, =m,c, =1x1000=1000J/s°C (C,, )

C, =m.c, =1x4000=4000J /s°C (C

max)

Q C.(T,-T,) _4000x(T,, —20)

T Qunax - Crin (Th,i _Tc,i) ~ 1000x (420-20)

_ 4000x (T, —20)
~1000x (420— 20)

=..T,, =95°C (Ans.)

_ 4000x(95-20) _ 500 (ans)

=C,(T, - T,
Q C( c,0 C,I) 1000

Question 7.28. Two fluids A and B exchange heat in a counter flow heat exchanger. Fluid ‘A’ (specific
heat 3.5 kJ/kg °C) enters at 645 °C having a mass flow rate of 16 kg/s. Fluid ‘B’ (specific heat 4.2 kJ/kg
°C) enters at 100 °C which has a mass flow rate of 20 kg/s. Using NTU-effectiveness method
determine the effectiveness and outlet temperature of the hot fluid if the overall heat transfer
coefficient based on outside area of 45 m?is 950 W/m?°C.

Solution Refer Figure given in Question 27. Let ¢, =3.5kJ/kg°C, T,; =645°C, m, =16kg/s,
c,=4.2kJ/kg°C, T,;=100°C, m, =20kg/s, A=45m* and U =950W /m’ °C.

C, =mc, =20x4.2=84kW/°C (C

max)
C, =, =16x35=56kW/°C (C,;)

c=Sm _0_ 447
C__ 84

max
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UA _ 950x45

NTU = = 3
C 56x10

=0.76

min

o= 1-exp[-NTU (l_ C)] (Counter-flow)
1-Cexp[-NTU (1-C)]

1—exp[-0.76(1-0.67)]

&= =0.4635 (Ans.)
1-0.67x exp[0.76(1—0.67)]
Also &= @ ('_‘ Ch = Cmin)
Th,i _TC,i

Tho=Thi—€X (Th,i _Tc,i)
=T, =645-0.4635x (645-100) =392.4 °C (Ans.)

Question 7.29. A counter flow heat exchanger is to heat air entering at 673 K with a flow rate of 6.25
kg/s by the exhaust gas entering at 1073 K with a flow rate of 4.25 kg/s. The specific heat for both air
and exhaust gas is given as 1.2 kl/kg K. If the outlet temperature of the air is 823 K and overall heat
transfer coefficient is 100 W/m? K, determine the outlet temperature of the gas, heat transfer
surface area and the NTU.

Solution Let T ;=673K, m =6.25kg/s, T,; =1073K, m, =4.25kg/s,
c.=c,=1.2kJ/kgK, T,,=823K and U =100W/m* K.

-
T
ni Exhaust hot gas
AT;I:
e IATTM
2
Cold air T
1 2 AorlL

Counter flow heat exchanger

C,=mc, =6.25x1.2=75kW/K (C,,)
C, =m,c, =4.25x1.2=54kW /K (C,,)

(i) First to calculate outlet temperature of exhaust gas as below,

Heat lost by hot exhaust gas = Heat gained by cold air
M, x ¢, x (T, =T, o) =M, xc x (T, —T;)
4.25x1.2x(1073-T, ,) = 6.25%1.2x (823—-673)
=T, =889.18K (Ans.)

(ii) AT, =T,;-T.,=1073-823=250K

AT, =T,,-T,, =889.18—673=216.18K
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__AT,-AT, _ 250-21618 _ .00y
IN(AT,/AT,)  In(250/216.18)

- AT, =LMTD

Now Q=UAAT,
m, xC, x (T, , —T,;) =UAAT,,
6.25x1.2x10% x (823—673) =100x Ax 232.68
-.A=48.35m’ (Ans.)

i)  NTU = DA _100x4835_ 4 695 (ans)
C. 5.4x10

min

Question 7.30. A hot fluid at 398 K enters a parallel flow heat exchanger at a mass flow rate of 5.6
kg/s. Its specific heat is 3.4 kl/kg K. It is cooled by a cold fluid entering at 298 K with a mass flow rate
of 13.9 kg/s having specific heat of 4.2 kl/kg K. Using NTU-effectiveness method determine the
outlet temperature of the hot and cold fluids if the overall heat transfer coefficient based on outside
area of 10.5 m?is 1055 W/mK.

Solution Let T, ; =398K , m, =5.6kg/s, ¢, =3.4kJ/kgK, T ;=298K,6 m =13.9kg/s,

c,=4.2kJ/kgK, A=105m* and U =1055W /m’ K .

Thi Hot fluid
Th,o
Tc,o
T Cold fluid

2 AorlL
Parallel flow heat exchanger

C, =M,C, =5.6x3.4=19.04kJ/K (C,.)

C,=mc, =139x4.2=5838kJ/K (C

max)

_1904_ 0.326

~ 58.38

min

C:

C

max

UA 1055x10.5

NTU = = 3
C 19.04x10

=0.582

min

o 1—exp[-NTU (1+C)]
- 1+C)

. _ 1-exp[-0.582(1+0.326)]

=0.405 (Ans.)
(1+0.326)
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Also E= Th’i _Th‘o [ C,=Chinl
Thi— T
Thus 0.405= M
398-298

5Ty =357.5K (Ans.)

Q=mc,(T,; —T,,) =56x3.4x(398-357.5) =771.12kW
Also  Q=mc (T.,—T.;)

77112=139x4.2x (T, , —298)

~.T,, =31121K (Ans.)
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