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CHAPTER 1  

BASICS CONCEPTS AND LAWS 

 

Introduction: Thermal form of energy transferred due to temperature difference is called heat. The 

subject of heat transfer deals with the rate at which heat is transferred and the temperature 

distribution within the system. Heat is transferred by three modes namely, conduction, convection 

and radiation. Conduction refers to heat transfer within a stationary medium (solid or liquid) due to 

temperature difference. Convection refers to heat transfer between a surface and the moving fluid 

(liquid or gas) maintained at different temperatures and it involves mass movement of fluid that may 

be natural or forced. Radiation refers to heat transfer by electromagnetic waves (or photons) in 

absence of any medium between two surfaces at different temperatures. The knowledge of heat 

transfer is required for the design of various heat exchanging devices used in different fields of 

engineering. This chapter briefly describes the basic concepts related to heat transfer, the 

mechanisms of the three modes of heat transfer and its basic laws. 

1.1 Temperature: Temperature is a property of matter which two bodies in thermal equilibrium 

have in common. It measures the level of heat in a body and indicates relative hotness or coldness 

with respect to surrounding. Temperature is a scalar quantity, i.e., it has only magnitude. 

Temperature )(T  at a point ),,( zyx  at time t  in rectangular coordinates can be expressed as 

),,,( tzyxfT  . Here, symbol f  is used to indicate function. 

There are two absolute temperature scales, namely, Kelvin scale (K) and Rankine scale (oR). The 

important relations for conversion among the Kelvin, degree centigrade (oC), Fahrenheit (oF) and 

Rankine scales (oR) are as below. 

 15.273 CK o ; 32
5

9
 CF oo ; KFR oo

5

9
67.459   

1.2 Temperature gradient: The change in temperature per unit length or the rate of change of 

temperature with respect to the distance in the direction of heat transfer is called temperature 

gradient. The temperature gradient for heat transfer in x -direction is given as below.  

x

T




 or 

dx

dT
 in )/(/ mCormK o .  

The partial and ordinary derivatives of a function are identical when the function depends on a 

single variable only. Here, )(xTT  .  

1.3 Heat: Heat is one of the forms of energy that transfers due to the existence of temperature 

difference. Heat is vector quantity, i.e., it has direction as well as magnitude. Heat flows in the 

direction of decreasing temperature with a negative temperature gradient. The larger the 

temperature gradient, the higher is the rate of heat transfer. 

1.4 Differences between thermodynamics and heat transfer:   

Thermodynamics  Heat Transfer 

1. Thermodynamics deals with the amount of 

heat transfer as a system undergoes a process 

from one equilibrium state to another. It does 

1. Heat transfer deals with the estimation of 

heat transfer rate to or from a system and the 

temperature distribution within the system. 
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not provide any information about the time 

rate at which the process occurs. 

Heat transfer is a non-equilibrium phenomenon 

as it deals with systems that lack thermal 

equilibrium. 

2. Principally it is based on the two laws of 

nature namely, the first law and the second law 

of thermodynamics. The first law of 

thermodynamics gives conservation of energy, 

whereas second law gives direction of heat 

flow. 

2. Heat transfer utilizes first and second laws of 

thermodynamics, Fourier’s law of heat 

conduction, Newton’s law of cooling, Stefan-

Boltzmann’s law of thermal radiation, equation 

of continuity, Newton’s laws of motion, 

empirical relations for fluid properties and 

equation of state. 

 

1.5 First law of thermodynamics: The first law of thermodynamics (also known as the conservation 

of energy principle) states that energy cannot be created or destroyed but can be transformed from 

one form to another or transferred as heat or work. To apply this law, control volume is to be 

identified. A control volume is a fixed region in space bounded by a control surface through which 

heat, work and mass can pass. The useful form of the first law of thermodynamics for heat transfer 

analysis is given as below. 

 “The rate at which thermal and mechanical energies enter a control volume plus the rate at which 

energy generates within that volume minus the rate at which thermal and mechanical energies leave 

the volume must equal the rate at which internal energy changes or stores inside this volume”. 

1.6 Heat flux: The rate of heat transfer )(Q  per unit area normal to the direction of heat transfer is 

called heat flux )(q . Mathematically it can be given as below.  

)/( 2mW
A

Q
q    

Here, Q  is the rate of heat transfer in )(Wwatts  and A  is the area normal to the direction of heat 

transfer in 2m . 

1.7 Application areas of heat transfer: Heat transfer analysis is required for the design of various 

heat transfer equipments. It mainly concerns with the determination of heat transfer rate and the 

size of a thermal system for a specified temperature difference. Some of the important engineering 

systems in which principles and methods of heat transfer find applications are: heat exchangers, 

condensers, evaporators, furnaces, heaters, boilers, turbine systems, refrigerators, air-conditioning, 

solar collectors, sizing of the nuclear fuel elements, radiators, internal combustion (IC) engines, 

bearings, electric and electronic devices, and insulation of houses and the steam pipes.     

1.8 Types of heat transfer 

(i) Steady state heat transfer: When temperature )(T  or heat flux )(q  at any location of the system 

does not vary with time (though both quantities may vary from one location to another), the heat 

transfer through a medium under such condition is called steady state heat transfer (or steady heat 

transfer).  

(ii) Transient (unsteady state) heat transfer: When temperature or heat flux at any location of the 

system varies with time as well as location, the heat transfer through a medium under such 

conditions is called transient heat transfer or unsteady state heat transfer (unsteady heat transfer).  
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(iii) 1-D, 2-D, 3-D and periodic heat transfer: Heat transfer may occur in one, two or three directions 

in a system. In one-dimensional heat transfer, the temperature is a function of only one space 

coordinate. For simplicity, most heat transfer problems are solved by one-dimensional (1-D) analysis. 

When temperature is a function of two space coordinates, heat flow is two-dimensional (2-D). In a 

three-dimensional (3-D) heat transfer, the temperature is a function of three space coordinates. A 

special kind of unsteady process in which temperature changes with time in a cyclic manner is called 

periodic or quasi-steady state heat transfer. In such a case, the temperature at a particular point 

attains the same value at definite intervals of time, e.g., the walls of cylinder of an internal 

combustion engine.  

1.9 Modes of heat transfer: There are three modes of heat transfer namely, conduction, convection 

and radiation.   

(i) Conduction: Conduction is the mode of heat transfer in which the medium transporting the heat 

remains stationary. Heat conduction in solids takes place by the combination of energy transfer by 

free electrons and molecular vibrations in a lattice (lattice means periodic arrangement of atoms). 

However, heat conduction through a substance may be viewed as the transfer of energy from high 

temperature molecules to the adjacent low temperature molecules due to interactions between 

them. Conduction is the only mode of heat transfer in a solid medium.  

(ii) Convection: Heat transfer between a moving fluid (liquid or gas) and a solid surface maintained 

at different temperatures is called convection. The convection process involves mass movement of 

fluid that may be natural or forced. Basically it is conduction in a very thin fluid layer adjacent to the 

heated surface due to random motion of fluid molecules (diffusion) and then its mixing caused by 

fluid motion (bulk motion).  

The convection heat transfer increases with the increase in fluid motion. Heat transfer by convection 

can be classified as forced or free convection.  

(iii) Radiation Mechanism: In radiation heat transfer, heat is transmitted in the form of 

electromagnetic waves (or photons) due to changes in the electronic configurations of the atoms or 

molecules of the matter. It occurs at the speed of light without requiring any intervening medium for 

its propagation. Heat transfer by radiation occurs most efficiently in vacuum, e.g., energy of sun 

reaches the earth by radiation. Electromagnetic spectrum in below Figure shows that radiation is 

emitted over a wide range of wavelengths )( . The wavelength band of solar radiation is about 

m3.0  to m3 .  

1

0
.4 0
.7

6

10-110-210-310-410-5 10 102 103 104 105

Infrared

Thermal radiation

Microwaves

Radio & TV waves

X-rays

Gamma

rays Wavelength,

Ultraviolet Visible

min 

Electromagnetic spectrum  

1.10. Types of convection 

(i) Forced convection: When the fluid motion is caused by external means like a blower or fan, the 

heat transfer is called forced convection. Below Figure illustrates forced convection in which air is 

forced by a fan to move over a hot plate for its cooling. In forced convection, heat transfer is higher 

than the natural convection.  
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(ii) Free convection: When the fluid motion is caused by buoyancy forces resulting from density 

differences due to the variation in temperature in the fluid, the heat transfer is termed as natural 

convection or free convection. Above Figure shows that the stagnant air adjacent to the vertical hot 

plate heats up and moves up owing to the effect of buoyancy and the nearby cold air moves towards 

the plate. This motion that results from continuous replacement of heated air in the vicinity of hot 

plate by the adjacent cold air is called natural convection current and the resulting heat transfer is 

called as natural convection. Boiling and condensation phenomena (phase change processes) involve 

the fluid motion, thus these are also considered as convection.  

1.11. Thermal radiation: The subject of heat transfer basically deals with thermal radiation which is 

the energy emitted by a body because of its temperature. All bodies at a temperature of absolute 

zero (0 K) emit thermal radiation continuously which occurs in the wavelength range of m1.0  to 

m100 . All bodies simultaneously emit and absorb radiation. Thermal radiation also depends on 

optical properties of the body in addition to temperature. For practical purpose, atmospheric air is 

considered transparent to thermal radiation.  

1.12. Absorptivity, reflectivity and transmissivity: Radiation is volumetric phenomenon but it is 

considered to be a surface phenomenon, since radiation ultimately leaves the surface of the body. 

Generally, a part of the radiation incident on a surface is absorbed in the body and the rest is 

reflected and or transmitted. If Q  is the rate of total radiant energy incident upon the surface of a 

body, some part of it will be absorbed )( aQ , some will be reflected )( rQ  and some will be 

transmitted )( Q  through the body (See below figure).  

Q
rQ

aQ

Q  

 QQQQ ra   or 1
Q

Q

Q

Q

Q

Q ra   or 1   

Here,   is the asorptivity,   is the reflectivity and   is the transmissivity. 

1.13. Fourier’s law of heat conduction  

Assumptions for Fourier’s law: (i) There is steady heat conduction, (ii) Heat flows in one direction 

only, (iii) Temperature profile is linear thus temperature gradient is constant, (iv) Material is 

homogeneous (i.e., constant density) and isotropic (i.e., thermal conductivity is same in all 

directions), (v) The two faces of bounding surfaces are isothermal, and (vi) There is no internal heat 

generation.  

Fourier’s law: This law states that the rate of heat conduction is proportional to the area measured 

normal to the direction of heat flow and to the temperature gradient in that direction. Let Q  be the 

rate of heat conduction in )(Wwatts , A  be the area normal to the direction of heat flow in 
2m  

and )/( dxdT  be the temperature gradient in mK / . Then according to Fourier’s law, we have the 

following expression. 
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dx

dT
AQ   or 

dx

dT
kAQ           

Here, the constant of proportionality k  in above equation is called the thermal conductivity of the 

material. Since heat flows in the direction of decreasing temperature, thus temperature gradient is 

negative. Therefore, negative sign is introduced in above Equation to make heat transfer a positive 

quantity.  

1.14. Isotropic and anisotropic materials: A material whose properties like thermal conductivity 

)(k , specific heat )(c  and density )(  remain same in all directions is called isotropic material. In 

heat transfer analysis usually a material is assumed as isotropic.  

A material whose properties depend upon the direction is called anisotropic material, e.g., wood 

whose thermal conductivity across the grain is different than that parallel to the grain. Other 

examples of anisotropic materials are laminated composite materials, graphite, fiber-reinforced 

polymers and asbestos. 

1.15. Concept of thermal resistance for a solid metallic slab: Consider steady heat conduction 

through a plane rectangular wall or slab of thickness L  having a constant cross-sectional area A . 

Let k  be the constant thermal conductivity of the wall and )(xT  be the temperature distribution.  

The faces of the wall are maintained at uniform temperatures 1T  and 2T  such that 21 TT    as 

shown in below Figure. 

)(xT
A

L

Q Q

1T

2T

x

T

)(xT

L

1T

2T

3-D view of slab                  Front view                     Analogy

A A

l
b blA 

Q

1T 2T

1V 2V
I

Q

Electric circuit

Thermal circuit

kA

L
R 

21 TT 
A

L
R

e

e




 

The temperature gradient for the given wall can be expressed as below. 

 
L

TT

dx

dT 12    

Thus, the rate of heat conduction through the wall is given by Fourier’s law as below. 

 
L

T
kA

L

TT
kA

L

TT
kA

dx

dT
kAQ








 2112      

or 
resistancethermalConductive

differenceeTemperatur

)/(








R

T

kAL

T
Q   (i)    

The term )/(kAL  in above equation is called the conductive thermal resistance )( RorRcond or 

simply thermal resistance and it is measured in )/(/ WCorWK o .  

(i) Ohm’s law: The electric current )(I  flowing through a conductor of length L  in m , cross-

sectional area A  in 
2m  and electrical conductivity e  in 

11  m  (  stands for ohm) is given by 

the Ohm’s law as below. 
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resistanceElectrical

differenceVoltage

)/(

21 






ee R

V

AL

VV
I


    (ii)    

(ii) Analogy between the flow of heat and current: The analogy between the flow of heat through a 

thermal resistance and the flow of electric current through an electric resistance is shown by 

thermal circuit and electric circuit, respectively in above figure. Comparison of equations (i) and (ii) 

for heat flow and current flow suggests that temperature difference is the driving potential for heat 

flow, analogous to voltage difference being the driving potential for current flow. Then, the 

conductive thermal resistance to heat flow, )/(kALR   is analogous to electrical resistance, 

)/( ALR ee  .  

(iii) Advantage of the analogy between the flow of heat and current: The advantage of introducing 

the concept of thermal resistance is that the rule for combining electrical resistances in series and 

parallel is also applicable to thermal resistances. Thus, complex problems involving both series and 

parallel thermal resistances can be solved easily, e.g., in a composite wall (that refers to a wall of a 

several heterogeneous layers), walls of a furnace and boilers. 

(iv) Thermal conductance: The reciprocal of the conductive thermal resistance is called as the 

thermal conductance )(K .  

Thus 
L

kA

kALR
K 

)/(

11
        

(v) Thermal resistances in series: Considering perfect contact at the interface of the two layers 1 and 

2 of a composite wall having thermal resistances 1R  and 2R , respectively.  

A
Q

Q

1L 2L

1k 2k 2R
Q

1T
2T 3T

1T

2T
3T

1R

1 2

Thermal circuit

Ak

L
R

1

1
1 

Ak

L
R

2

2
2 

 

The total thermal resistance  R  for conduction through these two thermal resistances in series 

shown in above figure using rules for combining electrical resistances can be given as follows. 

 21 RRR   , Here, )/( 111 AkLR   and )/( 222 AkLR    

(vi) Thermal resistances in parallel: 

1k

2k

Q
1T

2T1R

2R

1A

2A

Q Q

L

1T 2T
1

2

Thermal circuit

11

1
Ak

L
R 

22

2
Ak

L
R 

 

The equivalent thermal resistance )( eqR  for conduction through a composite wall containing two 

thermal resistances in parallel shown in above Figure can be given as below. 

 
2121 /1/1

1111

RR
R

RRR
eq

eq 
 , Here, )/( 111 AkLR   and )/( 222 AkLR    

1.16. Thermal conductivity  
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(i) Definition of thermal conductivity and its units: Thermal conductivity is the property of a 

material that measures its ability to conduct heat. A material of high thermal conductivity is a good 

heat conductor, whereas a material of low thermal conductivity is a poor heat conductor (or 

insulator).  

The units for thermal conductivity can be obtained from 
)/(kAL

T
Q


  as, 

mK

W

Km

mW

TA

LQ
k 











2
  

Thermal conductivity is expressed in mKW /  )/( CmWor o . Thermal conductivity can be defined 

from above Equation as the rate of heat transfer through a unit thickness of a material per unit area 

per unit temperature difference. 

(ii) Measurement of thermal conductivity for a metallic slab: Let a layer of a material (sample) of 

thickness L  in m  and area A  in 2m  be heated from one side by an electric resistance heater as 

shown in below Figure. The outer surface of the heater is perfectly insulated. 

Sample
2T

1T
Q

L

Heater

Insulation

 

(i) Two thermocouples embedded into the surfaces of the sample material measure the 

temperature values 1T  and 2T .  

(ii) The heat generated by the heater )(Q  transfers through the material equals the electric 

power drawn by it can be given as, wattsIVQ )(  . Here, V  is the voltage in volts 

and I  is the electric current in amperes.  

(iii) When steady state is attained the readings for temperatures 1T  and 2T  are recorded 

and consequently, )( 21 TTT   is obtained.  

(iv) By substituting the values of Q , A , L  and T  in below Equation, thermal conductivity 

of the material can be measured in )/(/ CmWormKW o . 

 
mK

W

Km

mW

TA

LQ
k 











2
 

(iii) Thermal conductivity for solid metals and its variation with temperature: Heat conduction in 

the solid materials takes place due to the migration of free electrons and lattice vibrations which are 

additive effects. Thus, the thermal conductivity k  of a solid may be considered as the sum of the 

electronic component ek  (i.e., thermal conductivity due to free flow of electrons) and lattice 

component lk  (i.e., thermal conductivity due to lattice vibrations). That is, le kkk  . Generally, 

the energy transfer due to electronic component is more effective than lattice component. For a 

pure solid metal ek  is much larger than lk , therefore, pure solid metals have the highest thermal 

conductivity. The values of thermal conductivity in mKW /  for some of the solid metals at room 

temperature (300 K) are given in below Table. 

Metals k (W/mK) Metals k  (W/mK) 

Silver 429 Zinc 116 
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Copper 401 Nickel 90.7 

Gold 317 Iron 80.2 

Aluminum 237 Cast iron 55-65 

Tungsten 174 Stainless steel (302) 15.1 

The motion of free electrons in metals at elevated temperatures is obstructed due to increased 

lattice vibrations. Thus, thermal conductivity of pure metals decreases as the temperature increases 

(aluminum, mercury and uranium being the exceptions). The variation of thermal conductivity for 

some metals and alloys are shown in below Figure. 

Temperature (K)

273.15  473   673   873 1073  1273
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h
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m
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o
n
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)
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1
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0
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0
0
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0
0
  
  
4
0
0
  
4
5
0

 

(iv) Thermal conductivity and its variation with temperature for alloys: The presence of any 

impurity (foreign metal molecules) or alloying of metals causes decrease in thermal conductivity 

than that of either metal. For example, thermal conductivity of constantan (an alloy of 55% copper 

and 45% nickel) is mKW /23  which is much lower than the thermal conductivity of both the copper 

and nickel. Thermal conductivity of an alloy increases with increasing temperature. 

(v) Thermal conductivity and its variation with temperature for non-metals: In non-metallic solids 

there is almost no electronic component, thus their thermal conductivity k  is primarily determined 

by lk . Therefore, non-metals have lower thermal conductivity than metals and are called thermal 

insulators. However, due to perfect lattice arrangement diamond has the highest known thermal 

conductivity at room temperature. Thermal conductivity of some of the solid non-metals at room 

temperature is given in below Table. 

Non-metals k (W/mK) Non-metals k  (W/mK) 

Diamond 2300 Asbestos 0.149 

Bakelite 1.4 Soft rubber 0.13 

Glass 0.78 Cotton 0.06 

Brick 0.72 Cork 0.048 

Wood 0.17 Glass fiber 0.043 

  

For non-metallic solids, the value of lk  increases with increasing temperature due to larger 

interactions between the atoms and lattice, thus thermal conductivity increases with rising 

temperature. 
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Many building and insulating materials (like brick, concrete, asbestos, foams and fibers) have a 

porous structure generally filled with air. Since air is a poor heat conductor thus, thermal 

conductivity of air filled porous insulating materials is low. 

(vi) Superconductors: Materials that show very high thermal conductivity at temperature near 

absolute zero are called superconductors. For example, thermal conductivity of copper at K20  is of 

the order of mKW /20000  which is nearly 50 times the conductivity of copper at room 

temperature. 

(vii) Weidemann-Franz law: It states that the ratio of thermal conductivity )(k  to the electrical 

conductivity )( e  is the same for all metals at the same temperature and this ratio is directly 

proportional to the absolute temperature )(T  of the metal.  

Thus T
k

e




 or C
T

k

e




          

Here, constant C  is also called as Lorentz number having a value of 28 /1045.2 KW  . This law 

holds good for a large number of metals between -100 oC and 100 oC and suggests that materials 

that are good electrical conductors are also good conductors of heat. 

(viii) Thermal conductivity for liquids and gases and its variation with temperature: Usually thermal 

conductivity of liquids lies between those of solids and gases. Liquid metals have higher thermal 

conductivity than non-metallic liquids and are used in nuclear applications, e.g., sodium is used as 

coolant in nuclear reactors. The values of thermal conductivity in mKW /  for some of the liquids 

and gases (fluids) at room temperature (300 K) are given in below Tables.  

Liquids k  (W/mK) Gases k  (W/mK) 

Mercury 8.54 Air 0.026 

Water 0.613 Steam 0.0206 

Sugarcane juice 0.44 Carbon dioxide 0.0146 

Glycerin 0.286 Hydrogen 0.172 

Milk (whole) 0.58 Helium 0.073 

Ethylene glycol  0.252 Oxygen 0.026 

Thermal conductivity of most of the liquids decreases with increase in the temperature (except 

water and glycerin). It also decreases with increasing molar mass of liquids. Thermal conductivity of 

a gas is independent of pressure, but it is proportional to the square root of the absolute 

temperature and inversely proportional to the square root of its molar mass. The variation of 

thermal conductivity with temperature for some liquids and gases are shown in below Figure. 
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(ix) Variation of thermal conductivity of different materials: Thermal conductivity of different 

materials decreases in the order as: Pure crystals, pure metals, alloys, non-metallic solids, liquids and 

gases.  

1.17. Thermal diffusivity: The ratio of the thermal conductivity to the heat capacity is called as 

thermal diffusivity. It is denoted by   and has the units of sm /2 . Thermal diffusivity is the property 

of a material which is considered in transient heat conduction analysis. Mathematically, thermal 

diffusivity can be given as below. 

  
c

k


 

capacityHeat 

tyconductivi Thermal
         

Here, c  is the specific heat of the material in kgKJ /  that represents the heat storage ability of a 

material per unit mass and   is the density in 3/ mkg . 

Thermal diffusivity tells about how fast heat diffuses through a material. The larger the value of 

thermal diffusivity, the faster is the propagation of heat deep into the solid.  

Example 1.1 The two sides of the 10 cm thick wall made up of fire brick with  mKWk /72.0  are 

maintained at 1200 K and 900 K, respectively.   Determine the rate of heat transfer per unit area 

through the given wall.  

Solution: Refer below Figure. Let mcmL 1.010  , mKWk /72.0 , KT 12001  and 

KT 9002  .  

1T

2T
k

x

)(xT

L

 

 
221 /2160

1.0

)9001200(
72.0

)(
mW

L

TT
k

A

Q
q 





  (Ans.) 

Example 1.2. A 25 cm thick rectangular sample of size mm 4.08.0   on a side is used in an 

experiment. The temperatures of the two surfaces of the sample are 125oC and 115oC. After 

attaining the steady state the electric heater is observed to consume 0.5 amperes at 125 volts. 

Determine the thermal conductivity of the given solid sample. 

Solution: Refer below Figure. Let mcmL 25.025  , ml 8.0 , mb 4.0 ,  CT o1251  , 

CT o1152  , amperesI 5.0 , voltsV 125 . 
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Sample
2T

1T
Q

L

Heater

Insulation

 

 WIVQ 5.625.0125  ; 232.04.08.0 mblA  ;  

 CTTT o1011512521   

 CmW
TA

LQ
k o/883.4

1032.0

25.05.62










  (Ans.) 

Example 1.3. Two large aluminum plates )/237( mKWk   2 cm and 3 cm thick are in perfect 

contact. Determine the value of heat flux when the temperatures at the inner and outer surfaces are 

600 K and 580 K.  

Solution: Refer below Figure. Let mKWkk /23721  , mcmL 02.021  , 

mcmL 03.032  , KT 6001   and KT 5803  . 

A 1L 2L

1k 2k1T

3T
1 2

qq

 

 2

2211

31 /94800
)237/03.0()237/02.0(

580600

//
mW

kLkL

TT
q 









  (Ans.) 

1.18. Velocity boundary layer and thermal boundary layer: Heat transfer between a moving fluid 

and a solid surface maintained at different temperatures occurs due to convection. It happens by the 

combined effects of conduction within the fluid that is due to random motion of its molecules 

(diffusion) and the bulk motion of the fluid that removes the heated fluid near the surface and 

replaces it by colder fluid.  

(a) Velocity and temperature profiles

A

Q

Heated surface

convR

T

sT
Q

T

Temperature 

profile,

Velocity 

profile,

Air 

flow

uu
 TTs

sT
T

y

x

)(yu
)( yT

(b) Thermal circuit

0y
sT

0














y
y

T

 

Above Figure illustrates the flow of fluid (air) over a heated surface. Because of no slip condition the 

air in direct contact with the surface sticks to it. Due to this air-surface interaction a region develops 

in the air through which velocity varies from zero at the surface to the free stream velocity of air 

)( u . This region of air in which the effects of the viscous shearing forces caused by air viscosity are 

felt is called the velocity boundary layer )( .  

Similarly a region develops in the air through which temperature varies from sT  at the surface to the 

temperature of the air sufficiently far from the surface, i.e., T . This region is called as thermal 

boundary layer )( t . The air and the heated surface attain the same temperature at the point of 

contact and this condition is called as no temperature jump condition. 
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1.19. Newton’s law of cooling (basic law of convection): The rate of convection heat transfer )(Q  

from a heated surface maintained at temperature sT  to the cold fluid at temperature T  flowing 

over its top surface can be given by Newton’s law of cooling as follows.  

)(  TThAQ s          

 )(  TTh
A

Q
q s          

Here, q  is the heat flux to the bulk fluid by convection, h  is the convective heat transfer coefficient 

and A  is the surface area through which convective heat transfer occurs. 

1.20. Convective thermal resistance and thermal conductance for convection: Newton’s law of 

cooling is given by, 

 )(  TThAQ s  

or 
resistancethermalConvective

differenceeTemperatur

)/(1






 

conv

s

R

T

hA

TT
Q     

Here, )/(1 hARconv   is the convective thermal resistance to heat flow.  

The thermal conductance for convection, hARK convconv  /1 . 

1.21. Convective heat transfer coefficient: The convection heat transfer studies ultimately reduce to 

a study of the means by which convective heat transfer coefficient )(h  may be determined. The 

convective heat transfer coefficient is not a property of the fluid and sometimes it is also called as 

film conductance or film heat transfer coefficient. The convective heat transfer coefficient is 

determined experimentally. The units for convective heat transfer coefficient can be given as, 

 
Km

W

TTA

Q
h

s

2)(







        

The convective heat transfer coefficient is expressed in KmW 2/  (or CmW o2/ ).   

Its value depends on conditions in the boundary layer, which is influenced by the parameters 

namely, (i) geometry and roughness of the surface, (ii) temperature difference, (iii) bulk fluid 

velocity, (iv) thermal properties of fluid such as  andck ,,  and (v) nature of fluid motion 

(laminar or turbulent).  

1.22. Determination of the convective heat transfer coefficient: In below Figure the fluid layer (air 

layer) adjacent to the surface is at rest thus, the rate of heat transfer from the surface is by 

conduction and that can be obtained by applying Fourier’s law to the fluid at 0y  as below. 

 
0















y

f
y

T
kq    (i)       

Here, fk  is the thermal conductivity of the fluid, T  is the temperature distribution in the fluid and 

 
0

/


 yyT  is the temperature gradient at the solid surface. 
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  (a) Velocity and temperature profiles

A

Q

Heated surface

convR

T

sT
Q

T

Temperature 

profile,

Velocity 

profile,

Air 

flow

uu
 TTs

sT
T

y

x

)(yu
)( yT

(b) Thermal circuit
0y

sT

0














y
y

T

 

This heat given by above equation will be convected away from the surface as a result of fluid 

motion. Therefore, the heat flux given by this equation is also the heat flux to the bulk fluid by 

convection given by )(/  TThAQq s . Thus, by equating these two equations, we get the 

value of the convective heat transfer coefficient as follows. 

 
0

)(


 













y

fs
y

T
kTTh  

 
 

)(

/ 0










TT

yTk
h

s

yf
         

From this equation the value of convective heat transfer coefficient at a certain position x  in flow 

direction can be determined by measuring the temperature gradient at the surface and the 

temperature difference between the surface and the fluid. 

The thickness of thermal boundary layer )( t  increases along the flow direction ( x -direction), 

consequently, temperature gradient  
0/  yyT  in the boundary layer decreases. Therefore, the 

convective heat transfer coefficient decreases along the flow direction. The average convective heat 

transfer coefficient can be determined by averaging the local convection heat transfer coefficient 

over the entire surface of the plate.  

Typical values of convective heat transfer coefficient h  in KmW 2/  encountered in various 

engineering problems are: (i) Free convection of gases: 2-25, (ii) Forced convection of gases: 25-250, 

(iii) Free convection of liquids: 10-1000, (iv) Forced convection of liquids: 50-20000 and (v) Boiling 

and condensation: 2500-100000. 

Example 1.4.  Cold air at 25oC flows over a hot flat plate maintained at 225oC. If size of the plate is 

mm 5.01   and the convective heat transfer coefficient is CmW o2/20 , calculate the heat 

transfer from the plate. Also calculate the convection thermal resistance. 

Solution:  Let CT o25 , CT o

s 225 , ml 1 , mb 5.0  and CmWh o2/20 . 

 25.05.01 mblA   

 WTThAQ s 2000)25225(5.020)(    (Ans.) 

 WC
hA

R o

conv /1.0
5.020

11



  (Ans.) 

Example 1.5. The heating element of an immersion water heater of rating 1.5 kW is 20 mm in 

diameter and 1.6 m in length. (i) Determine the surface temperature of the heating element when it 

is submerged in water at 25oC and the convective heat transfer coefficient is CmW o2/400 . (ii) 
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What will be its surface temperature if by mistake it is used in air at 30oC and the convective heat 

transfer coefficient is CmW o2/10 . Give your comment.  

Solution:  Let WkWQ 15005.1  , mmmd 02.020  , ml 6.1 , CT o

w 25 , 

CmWh o

w

2/400 ,  CT o

a 30  and CmWh o

a

2/10 . 

 21.06.102.0 mdlA    

(i) When heater is used in water  

 )( wsw TTAhQ   

 CTT o

ss 5.62)25(1.04001500   (Ans.) 

(i) When heater is used in air 

 )( asa TTAhQ   

CTT o

ss 1530)30(1.0101500  (Ans.) 

Such a high surface temperature will lead to the melting of heating element, hence should never be 

used in air. 

Example 1.6.  In a flow of liquid at 80oC over a metal surface the temperature profile is found to be 

CyyyT o)1.06075()( 2 . If the thermal conductivity of the fluid is CmW o/67.0 , evaluate 

the convective heat transfer coefficient.   

Solution:  Refer Figure in Question 37. Let CT o80 , CyyyT o)1.06075()( 2  and 

CmWk o

f /67.0 . 

 CyyyT o)1.06075()( 2   (i) 

 mCy
y

T o /)2.060( 



  (ii) 

At 0y , from the expressions (i) and (ii), we obtain the following values. 

CT o

s 75)0(1.0)0(6075 2    

 mC
y

T o

y

/60)]0(2.060[
0
















 

 
 

CmW
TT

yTk
h o

s

yf 20
/04.8

)8075(

6067.0

)(

/















 (Ans.) 

Example 1.7. A hot plate of area 0.225 m2 is maintained at a temperature of 333 K by 200 W electric 

heater when the room temperature is 293 K. Determine the fraction of heat supplied lost by free 

convection if the convection heat transfer coefficient is given by the relation 

KmWTh 24/1 /)(581.4  . State what happens to the rest of the heat supplied.  
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Solution:  Let 2225.0 mA  , KTs 333 , WQs 200 , KTa 293  and 

KmWTh 24/1 /)(581.4  . 

 KTTT as 40293333   

 KmWh 24/1 /52.1140581.4   

Heat lost by convection can be given as below. 

 WThAQ 68.10340225.052.11   

Fraction of the heat supplied lost by convection 

 %84.51100
200

68.103
100 

sQ

Q
 (Ans.) 

The remaining (100 - 51.84) = 48.16% is lost by radiation.  

1.23. Thermal radiation and blackbody 

Thermal radiation: The electromagnetic radiation propagated due to temperature difference is 

called thermal radiation. In this text book, we limit discussion to thermal radiation that differs from 

other forms of electromagnetic radiation such as x-rays, microwaves, gamma rays, radio waves and 

television waves which are not related to temperature.  

Blackbody: A black body is an ideal body that absorbs all the incident radiation and reflects or 

transmits none. It appears black in colour due to the absorption of all visible radiation which occurs 

in the narrow wavelength range of m4.0  to m76.0 . At a given temperature and wavelength, no 

surface can emit more radiation than a blackbody.  

1.24. Stefan-Boltzmann law and total emissive power of a black body  

Stefan-Boltzmann law: This law states that the rate of radiation energy emitted by a black body per 

unit surface area is proportional to the fourth power of its absolute temperature.  

Let Q  be the rate of radiation energy emitted by a black body in )(Wwatts , A  be its surface area 

in 2m  and sT  be its surface temperature in Kelvin )(K .  

Then 
4

sT
A

Q
  or  

4

sT
A

Q
           

Here, the constant of proportionality,    is called the Stefan-Boltzmann constant and it has the 

value of 428 /1067.5 KmW .   

In above equation, bqAQ )/(  is the flux of heat energy emitted by radiation, i.e., quantity of 

radiation energy emitted per unit time per unit area by the black body (also called total emissive 

power of a black body, bE ) in 
2/ mW .   

4

sbb TEq
A

Q
           
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Therefore, the rate at which energy is radiated by a black body at the absolute temperature )( sT  can 

be given from above equation as,  

  
4

sATQ           

1.25.  Emissivity: The rate of radiation energy emitted by all real surfaces will always be less than 

that emitted by a blackbody at the same temperature and it can be given as below.  

4

sATQ            

Here,   is a radiative property of the surface called as emissivity whose value lies between 0 and 1. 

For a black body 1 . Emissivity provides a measure of how efficiently a real surface emits energy 

relative to a black body. Mathematically, emissivity can be expressed as below. 

 
)(

)(

KTatbodyblackaofRadiation

KTatbodyrealaofRadiation

s

s        

Some emissivity data for few surfaces at room temperature (300 K) are: (i) Aluminum foil: 0.07, (ii) 

Polished stainless steel: 0.17, (iii) Black paint: 0.98, (iv) White paint: 0.9, (v) White paper: 0.92-0.97, 

(vi) Red brick: 0.93-0.96 and (vii) Water: 0.96.    

Example 1.8.  Determine the increase in emissive power of a blackbody when it is heated from 25oC 

to 90 oC.  

Solution:  Let KCT o

s 15.298251  and KCT o

s 15.363902  . 

Using equation: 
4

sb TE  , we get: 
4

11 sb TE   and 
4

22 sb TE     

Increase in emissive power of the blackbody becomes, 

 )(
4

1

4

2

4

1

4

212 ssssbb TTTTEE    

 2448

12 /07.538)15.29815.363(1067.5)( mWEE bb    (Ans.) 

1.26.  Relations for radiation exchange between two bodies:  Consider a black body of surface area 

1A  at an absolute temperature 1sT  is completely enclosed by a much larger surface (or black body) 

at an absolute temperature 2sT . The net heat exchange between these two bodies can be expressed 

as below. 

 )(
4

2

4

11 ss TTAQ           

Similarly, the net heat exchange between a real body of surface area 1A , emissivity 1 , absolute 

temperature 1sT  and a black body of surface area 2A  at absolute temperature 2sT   can be 

expressed as below. 

)(
4

2

4

111 ss TTAQ            
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The net heat exchange between two black bodies when one black body of surface area 1A  at 

absolute temperature 1sT  faces other black body of surface area 2A  at absolute temperature 2sT  as 

shown in below Figure can be given as below.    

 )(
4

2

4

11 ss TTFAQ           

Here, F  is called shape factor or view factor (geometric view factor function) that accounts for the 

geometry and orientation of the two bodies. Shape factor indicates the fraction of radiation leaving 

the body 1 that strikes body 2 directly. 

),( 11 sTA
),( 22 sTA

Blackbody 1 Blackbody 2

Radiation heat exchange between two black surfaces  

The net heat exchange between two real bodies when one real body of surface area 1A , absolute 

temperature 1sT , emissivity 1  faces other real body of surface area 2A , absolute temperature 2sT , 

emissivity 2  can be given as below.    

 )(
4

2

4

11 ss TTFfAQ     (i)      

Here, f  is the equivalent emissivity (emissivity function or interchange factor) for radiant heat 

exchange between two real bodies. It is pertinent to mention that geometric view factor function F  

and emissivity function f  are not independent of one another as shown in Equation (i). 

1.27.  Radiation heat transfer coefficient: The radiation heat transfer problems are closely 

associated with convection heat transfer problems. Therefore, it is convenient to express the rate of 

radiation heat transfer between a surface of emissivity of 1  and area 1A  at temperature 1sT  and 

the surrounding surfaces at temperature 2sT  given by below equation as,  

 )()( 211

4

2

4

111 ssrss TTAhTTAQ    (i)      

Here, rh  is the radiation heat transfer coefficient and can be given as below. 

 ))((
)(

)(
21

2

2

2

11

211

4

2

4

111
ssss

ss

ss
r TTTT

TTA

TTA
h 




 


     

Equation (i) can also be arranged as,

 
rad

ss

r

ss
ssrss

R

TT

Ah

TT
TTAhTTAQ

)(

)/(1

)(
)()( 21

1

21
211

4

2

4

111





   

Here, )/(1 1AhR rrad   is the thermal resistance of a surface against radiation and it can be given as 

below. 

 
)(

)(
4

2

4

111

21

ss

ss
rad

TTA

TT
R







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The thermal conductance for radiation, 1/1 AhRK rradrad  . 

Example 1.9.  If the surface temperature of a polished aluminum with an emissivity of 0.05 exceeds 

by 15 K than the surrounding at 298 K, determine the radiation heat transfer coefficient.  

Solution:  Let 05.01  , KTT ss )15( 21  and KTs 2982  . 

 KTT ss 31315298)15( 21   

 ))(( 21

2

2

2

11 ssssr TTTTh   

 KmWhr

2228 /3235.0)298313()298313(05.01067.5    (Ans.) 

1.28. Combined heat transfer mechanisms for convection and conduction heat transfer in series: In 

many practical situations, heat transfer takes place by more than one mechanism in successive 

steps. The combined heat transfer mechanism for convection and conduction heat transfer in series 

is described below. 

Consider a plane wall of area A  and thickness L  is heated on one side by a hot fluid and cooled on 

the other side by a cold fluid as shown in below Figure. Let hfT  and hfh  be the temperature and 

convective heat transfer coefficient of hot fluid, respectively, cfT  and cfh  be the temperature and 

convective heat transfer coefficient of cold fluid, respectively and 1T  and 2T  be the surface 

temperatures of the plane wall on hot fluid and cold fluid sides, respectively. 

L

1T

2T
A

Q

1T 2TQ

condR

hfT

cfT

hfT
cfThconvR , cconvR ,hfh

cfh

Hot fluid

Cold fluid

 

Here, successive heat transfer involves: (i) heat flow from the hot fluid to the wall due to convection, 

(ii) heat conduction through the wall and (iii) heat transfer from the wall to the cold fluid due to 

convection. In steady state conditions, the rate of heat transfer through the wall remains constant 

and it can be given by the following expression. 

 )()( 2
21

1 cfcfhfhf TTAh
L

TT
kATTAhQ 


      

Form above equation, we get the below expressions. 

 
Ah

Q
TT

hf

hf  1 ; 
kA

QL
TT  21  ; 

Ah

Q
TT

cf

cf 2      

By adding these equations, we get:  

 













AhkA

L

Ah
QTT

cfhf

cfhf

11
 

 
]/1//1[ AhkALAh

TT
Q

cfhf

cfhf




        
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or 
]/1//1[ cfhf

cfhf

hkLh

TT
q

A

Q




        

Example 1.10. A wall of a house made from brick with mKWk /2.1  is 25 cm thick and 90 m2 in 

area. The temperatures of air outside and inside of the house are 308 K and 293 K, respectively and 

the respective convective heat transfer coefficients are KmW 2/10  and KmW 2/20 . Calculate (i) 

the rate of heat transfer through the wall and (ii) inside and outside wall temperatures.   

Solution: Refer Figure given in Question 49. Let mKWk /2.1 , mcmL 25.025  , 290 mA  , 

KThf 308 , KTcf 293 , KmWhhf

2/10  and KmWhcf

2/20 . 

(i) 
]/1//1[ AhkALAh

TT
Q

cfhf

cfhf




  

WQ 44.3767
]90020/(1)902.1/(25.0)9010/(1[

293308





  (Ans.) 

(ii) In steady state conditions, the rate of heat transfer through the wall remains constant.  

Thus for determining outside wall temperature )( 1T , we have the following expression. 

)( 1TTAhQ hfhf   

KTT 8.303)308(901044.3767 11   (Ans.) 

And for determining inside wall temperature )( 2T , we obtain the below expression. 

 )( 2 cfcf TTAhQ   

 KTT 09.295)293(902044.3767 22   (Ans.) 

1.29. Combined heat transfer mechanisms for convection and radiation heat transfer in parallel: A 

surface of emissivity   and area A  at very high temperature sT  exposed to the surrounding air at 

temperature aT  involves convection and radiation simultaneously. The total heat transfer at the 

surface can be determined by adding the convection and radiation heat transfer components 

working in parallel as schematically shown in below Figure using electric analogy.  

Q

A

sT

convR
aT

radR aT

convQ

radQ
 

Let h  and rh  be the convective and radiative heat transfer coefficients, respectively. The rate of 

heat transfer from the surface can be expressed as below. 

 )()(
44

asasradconv TTATThAQQQ       or

 )()( asras TTAhTThAQ   

or )()()( ascombinedasr TTAhTTAhhQ        
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Here,  )( rcombined hhh   is the combined heat transfer coefficient. 

Example 1.11.  A steam pipe of diameter 40 cm and length 10 m having a surface temperature of 

500 K is placed in air at room temperature of 298 K. If the emissivity of the pipe is 0.86 and the 

convective heat transfer coefficient is KmW 2/20 , calculate the heat loss from the given pipe.   

Solution:  Let  mcmd 04.040  , ml 10 , KTs 500 , KTa 298 , 86.0  and 

KmWh 2/20 . 

 2257.11004.0 mdlA     

Heat loss due to combined modes of convection and radiation can be given as below. 

 )()(
44

asasradconv TTATThAQQQ    

)298500(257.11067.586.0)298500(257.120 448  Q

 WQ 77.8425  (Ans.) 

Example 1.12.   The surface of a horizontal steel plate with CmWk o/45  measuring 0.9 m long × 

0.6 m wide × 0.025 m thick is maintained at a uniform temperature of 305oC and the plate loses 250 

W by radiation. If air at 20oC temperature and with convective heat transfer coefficient of 

CmW o2/25  is blown over the plate, calculate the temperature on inside surface of the plate.   

Solution:  Let CmWk o/45 , ml 9.0 , mb 6.0 , mL 025.0 , CT o

s 305 , WQrad 250 , 

CT o

a 20  and CmWh o2/25 . Let iT  be the temperature on inside surface of the plate as 

shown in below Figure. 

sT

iT condQ

convQ
radQ

L

Air

Plate k

hTa ,

 

254.06.09.0 mblA    

Now radconvcond QQQ   (Under steady state conditions) 

 250)(
)(




 as
is TThA

L

TT
kA  

 250)20305(54.025
025.0

)305(
54.045 


 iT

 

 CTT o

ii 2.3092.4)305(   (Ans.) 

Example 1.13.    The surface with 8.0  of a metal plate at 450 K dissipates heat to the air at 308 K 

by convection and radiation. The thermal conductivity of the plate is mKW /50  and heat is 

conducted through the plate to its surface. If the convective heat transfer coefficient is 

KmW 2/30 , calculate the temperature gradient in the plate.   
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Solution  Refer Figure in Question 54. Let 8.0 , KTs 450 , KTa 308 , mKWk /50  and 

KmWh 2/30 .  

 radconvcond QQQ   (Under steady state conditions) 

 )()(
44

asas TTATThA
dx

dT
kA    

Thus )308450(1067.58.0)308450(3050 448  

dx

dT
 

 mK
dx

dT
/24.114

50

841.5711
  (Ans.) 

Example 1.14. The hot combustion gases of furnace are separated from ambient air at 303 K by a 15 

cm thick brick wall with mKWk /2.1  and 8.0 . Under steady state condition, if the 

temperature of outer surface is 373 K, the convective heat transfer coefficient of the air adjoining 

this surface is KmW 2/20  and area is unity, using electrical analogy calculate the brick inner 

surface temperature. Take shape factor as unity.   

Solution  Refer below Figure. Let KTa 303 , mcmL 15.015  , mKWk /2.1 ,   8.0 , 

KT 3732  , KmWh 2/20 , 1A  and 1F . 

QaT
convR

radR

1T

condR

2T1T

2T

aT

Q

Wall

L

Radiation

Convection

H
o
t 

g
as

Air

 

WK
kA

L
Rcond /125.0

12.1

15.0



 ; WK

hA
Rconv /05.0

120

11



 ; 

WK
TTA

TT
R

a

a
rad /1412.0

)303373(8.011067.5

303373

)(
44844

2

2 













 

Since convR  and radR  are in parallel, thus equivalent resistance )( eqR  becomes, 

 WK
RR

R
radconv

eq /0374.0
)1412.0/1()05.0/1(

1

/1/1

1






  

Now 
eq

a

cond R

TT

R

TT
Q





 221   (Under steady state condition) 

Thus KT
T

5.609
037.0

303373

125.0

373
1

1 





 (Ans.) 
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CHAPTER - 2 

STEADY STATE HEAT CONDUCTION  

Introduction: The specification of the temperature at a point in a material or medium of any 

geometry can be expressed by choosing a suitable coordinate system such as rectangular 

(Cartesian), cylindrical, or spherical coordinates. In the analysis of heat transfer, the temperature 

distribution (the variation of temperature) within the given body is determined by solving 

differential heat conduction equation subject to boundary conditions of the problem. After 

determining the temperature distribution, the heat transfer rate at a point within the body in a given 

direction can be determined by applying the Fourier’s law.         

In this chapter, the basic equations of heat conduction in rectangular, cylindrical and spherical 

coordinates have been derived. The heat conduction equation in rectangular coordinate system is 

used for the analysis of heat transfer in solids with rectangular, square or parallelepiped shapes. The 

heat conduction equations in cylindrical and spherical coordinates are useful in solving heat 

conduction problems in cylindrical and spherical shaped bodies, respectively. The boundary 

conditions required for describing a physical situation in the mathematical form for heat conduction 

problems are also explained. 

2.1. Generalized heat conduction equation in rectangular coordinates: The position of any point P  

can be located in rectangular coordinates as shown in below Figure (a). Consider the flow of heat 

through an infinitesimal volume element of sides dx , dy  and dz  in X , Y  and Z  directions, 

respectively in rectangular coordinates as shown in Figure (b). The volume of the element becomes, 

dzdydxdv .. . Let xk , yk  and zk  be the thermal conductivities of the material in the x -, y - and 

z -directions, respectively and xA , yA  and zA  be the areas normal to the respective heat flow 

directions.  

),,( zyxP

x

y

z
o X

Y

Z
(a)

(b)

dx
dy

dz

A

B

C

D

E

F

G

H

xQ dxxQ 

yQ

dyyQ  zQ

dzzQ 

xA

dxCG 

dyCB 

dzCD 

 

The rate of heat flowing into the control volume through the face ABCD  can be given by Fourier 

law as,  

 
x

T
dydzk

x

T
AkQ xxxx









 )(        

The rate of heat flowing out the control volume through the face EFGH  is dxxQ   and it can be 

given by Taylor expansion series (considering the first two terms only and neglecting the higher 

order terms) as, 

 dxQ
x

QQ xxdxx )(



         

The rate of heat stored in the volume element due to conduction of heat in x -direction )( xdQ can 

be given as,  



24 
 

 dxQ
x

dxQ
x

QQQQdQ xxxxdxxxx )()(
















 

    

Substituting the value of xQ , we get: 

 dv
x

T
k

x
dxdydz

x

T
k

x
dx

x

T
dydzk

x
dQ xxxx 



















































 )(   

Similarly, the rate of heat stored in the volume element due to conduction of heat in y -direction 

)( ydQ  and z -direction )( zdQ can be given by the following equations. 

 dv
y

T
k

y
dQ yy 
















 ;  dv

z

T
k

z
dQ zz 
















       

Net rate of heat stored in the element )( netQ  due to conduction of heat in x -, y - and z -directions 

can be obtained as: zyxnet dQdQdQQ    

Thus dv
z

T
k

z
dv

y

T
k

y
dv

x

T
k

x
Q zyxnet 


















































     

Let there be constant rate of heat generation per unit volume of the element )( gq  then, the rate of 

heat stored in the element due to heat generation )( gQ  is given as, 

 dvqdxdydzqQ ggg          

The net rate of heat stored into the element from all the three directions and rate of heat stored in 

the element due to heat generation causes increase in internal energy of this element. Let the 

temperature of the element increase by dT  in time dt . Then, the rate of increase in internal energy 

of the element )( stQ  is given as,  

 
t

T
cdvQst




           

Here,   is the density in 3/ mkg , c  is the specific heat of the material of the element in kgKJ /  

and t  is the time  in s . 

The energy balance for the volume element can be obtained by applying the first law of 

thermodynamics. According to this law,  

 stgnet QQQ            

 
t

T
dvcdvqdv

z

T
k

z
dv

y

T
k

y
dv

x

T
k

x
gzyx























































  

or 
t

T
cq

z

T
k

zy

T
k

yx

T
k

x
gzyx























































      
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In heat transfer analysis, usually a material is assumed as isotropic for which kkkk zyx  . 

Therefore, this equation becomes, 

 
t

T
cq

z

T

zy

T

yx

T

x
k g































































  

or 
t

T

t

T

k

c

k

q

z

T

y

T

x

T g



























 1
2

2

2

2

2

2

  (i)     

In this equation, )/( ck    is the thermal diffusivity that tells about how fast heat diffuses 

through a material and its units are sm /2 . This equation is the general heat conduction equation in 

rectangular (Cartesian) coordinates for heat conduction under unsteady state through a 

homogeneous and isotropic material. This equation is used to analyse heat transfer in rectangular, 

square or parallelepiped shaped solid bodies such as walls, cubes, plates and slabs. 

Special forms of general heat conduction equation in rectangular coordinates are: 

(i) For steady state heat conduction 0)/(  tT , therefore, Equation (i) becomes, 

  0
2

2

2

2

2

2
















k

q

z

T

y

T

x

T g
  (Poisson equation)     

(ii) In the absence of any internal heat generation within the body, 0gq , therefore, Equation (i) 

becomes,  

 
t

T

z

T

y

T

x

T






















1
2

2

2

2

2

2

  (Fourier equation or diffusion equation)   

(iii) For steady state heat conduction and no heat generation, Equation (i) becomes, 

  0
2

2

2

2

2

2
















z

T

y

T

x

T
 (Laplace equation)      (iv) For one 

dimensional (say along x -direction) steady state heat conduction and no heat generation, Equation 

(i) becomes, 

  0
2

2






x

T
 or 0

2

2


dx

Td
          

The partial and ordinary derivatives of a function become identical when the function depends on a 

single variable.  

(v) For one dimensional steady state heat conduction with heat generation, Equation (i) becomes, 

  0
2

2


k

q

dx

Td g
           

2.2. General heat conduction equation in cylindrical coordinates: The position of any point P  can 

be located in cylindrical coordinates as shown in Figure (a). Consider the flow of heat through an 

infinitesimal volume element of sides dr , rd  and dz  in radial, tangential and axial directions, 
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respectively in cylindrical coordinates as shown in Figure (b). The volume of the element is given as, 

dzrddrdv ..  .  

Let thermal conductivity )(k , density )(  and specific heat )(c  of the material do not vary with 

position and gq  be the constant rate of heat generation per unit volume.  

),,( zrP 

r

o

X

Y

Z



(a)

rd

dz dr

rQ

drrQ 

Q

 dQ 

zQ

dzzQ 

A

B

C

D

F

G

H

E

(b)

z

drAE 

rdAB 

dzAD 

 

(i) Radial direction ( z -  plane): The rate of heat flowing into the control volume through the face 

ABCD  can be given by Fourier law as,  

 
r

T
dzrdkQr




 ).(           

The rate of heat flowing out the control volume through the face EFGH  is drrQ   and it can be 

given by Taylor expansion series as (considering the first two terms only), 

 drQ
r

QQ rrdrr )(



         

The rate of heat stored in the volume element due to conduction of heat in radial direction 

)( rdQ can be given as,  

 drQ
r

drQ
r

QQQQdQ rrrrdrrrr )()(
















      

Substituting the value of rQ  we get: 

 dzddr
r

T
r

r
kdr

r

T
dzrdk

r
dQr ..).(  


































   

or dzrddr
r

T

rr

T
kdzddr

r

T

r

T
rkdQr ..

1
..

2

2

2

2

 


































   

or dv
r

T

rr

T
kdQr 



















1
2

2

         

(ii) Tangential direction ( r - z  plane): The rate of heat flowing into the control volume through the 

face AEHD  can be given by Fourier law as,  

 








r

T
dzdrkQ ).(          
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The rate of heat flowing out the control volume through the face BFGC  is  dQ   and it can be 

given by Taylor expansion series as,  

 


 rdQ
r

QQ d )(



         

The rate of heat stored in the volume element due to conduction of heat in tangential direction 

)( dQ can be given as,  

 





 rdQ
r

rdQ
r

QQQQdQ d )()(
















 

   

By substituting the value of Q  we get: 

 dv
T

r

k
dzrddr

T

r

k
rd

r

T
dzdrk

r
dQ

2

2

22

2

2
..).(




































    

(iii) Axial direction ( r -  plane): The rate of heat flowing into the control volume through the face 

DCGH  can be given by Fourier law as,  

 
z

T
drrdkQz




 ).(           

The rate of heat flowing out the control volume through the face ABFE  is dzzQ   and it can be 

given by Taylor expansion series as,  

 dzQ
z

QQ zzdzz )(



         

The rate of heat stored in the volume element due to conduction of heat in axial direction )( zdQ can 

be given as,  

 dzQ
z

dzQ
z

QQQQdQ zzzzdzzzz )()(
















      

By substituting the value of zQ , we get: 

 dv
z

T
kdzrddr

z

T
kdz

z

T
drrdk

z
dQz 2

2

2

2

..).(


























     

Net rate of heat stored in the element )( netQ  due to conduction of heat in radial, tangential and 

axial directions can be obtained as: zrnet dQdQdQQ     

Thus dv
z

T
kdv

T

r

k
dv

r

T

rr

T
kQnet 2

2

2

2

22

2 1






























     

The rate of heat stored in the element due to heat generation )( gQ  is given as, 
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 dvqdzrddrqQ ggg  ..          

The rate of increase in internal energy of the element )( stQ  due to increase in temperature of the 

element by dT  in time dt  is given as, 

 
t

T
cdvQst




           

The energy balance for the volume element is given as, 

 stgnet QQQ            

Substituting expressions of netQ , 
gQ  and stQ  in above equation, we get:   

 
t

T
dvcdvqdv

z

T
kdv

T

r

k
dv

r

T

rr

T
k g


































 2

2

2

2

22

2 1
 

 
t

T
dvcdvqdv

z

TT

rr

T

rr

T
k g


































 2

2

2

2

22

2 11
 

Dividing both sides by kdv , we obtain the below expression.  

 
t

T

t

T

k

c

k

q

z

TT

rr

T

rr

T g












































111
2

2

2

2

22

2

 (i)    

This equation is the general heat conduction equation in cylindrical coordinates which is useful in 

solving heat conduction problems for cylindrical solid geometries such as rods, tubes and pipes.  

Special forms of the general heat conduction equation in cylindrical coordinates are: 

(i) When temperature varies in radial direction only, Equation (i) becomes, 

 
t

T

k

q

r

T

rr

T g

























11
2

2

 or 
t

T

k

q

r

T
r

rr

g
























11
    

(ii) For steady state one dimensional heat conduction in radial direction and without any heat 

generation, Equation (i) becomes, 

 0
1










dr

dT
r

dr

d

r
         

(iii) For steady state one dimensional heat conduction in radial direction and with heat generation, 

Equation (i) becomes, 

 0
1










k

q

dr

dT
r

dr

d

r

g
  or   0








r

k

q

dr

dT
r

dr

d g
    

2.3. General heat conduction equation in spherical coordinates: The position of any point P  can be 

located in spherical coordinates as shown in Figure (a). Consider the flow of heat through an 

infinitesimal volume element of sides dr ,  dr sin  and rd  in r -,  - and  -directions, 
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respectively in spherical coordinates as shown in Figure (b). The volume of the element can be given 

as,  rddrdrdv .sin. .  

r

o

X

Y

Z





(a)

),,( rP

 dr sin

 dr sin

rd

drA

B

C

D

E

F

G

H

rQ

(b)

drrQ 


Q

 d
Q




Q

 d
Q



drAE 

 drAB sin

rdAD 

 

Let thermal conductivity )(k , density )(  and specific heat )(c  of the material do not vary with 

position and gq  be the constant rate of heat generation per unit volume.  

(i)  -  plane; r -direction: The rate of heat flowing into the control volume through the face 

ABCD  can be given by Fourier law as below. 

 
r

T
rddrkQr




 ).sin(          

The rate of heat flowing out the control volume through the face EFGH  is drrQ   and it can be 

given by Taylor expansion series as, 

 drQ
r

QQ rrdrr )(



         

The rate of heat stored in the volume element due to conduction of heat in r -direction )( rdQ can 

be given as,  

 drQ
r

drQ
r

QQQQdQ rrrrdrrrr )()(
















      

Now substituting the value of rQ , we get: 

  dddr
r

T
r

r
kdr

r

T
rddrk

r
dQr .sin.).sin( 2



































   

or 


rddrdr
r

T
r

rr

k

r

rd

r

dr
dr

r

T
r

r
kdQr .sin..

sin
. 2

2

2

































   

or  dv
r

T
r

rr

k
dQr 
















 2

2
        

(ii) r -  plane;  - direction: The rate of heat flowing into the control volume through the face 

AEHD  can be given by Fourier law as below. 

 








sin
).(
r

T
rddrkQ         
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The rate of heat flowing out the control volume through the face BFGC  is  dQ   and it can be 

given by Taylor expansion as, 

 


 drQ
r

QQ d sin)(
sin 




       

The rate of heat stored in the volume element due to conduction of heat in  -direction )( dQ can 

be given as,  







 drQ
r

drQ
r

QQQQdQ d sin)(
sin

sin)(
sin 















    

Now substituting the value of Q , we get:  










 rddrdr
T

r

k
dr

r

T
rddrk

r
dQ .sin.

sin
sin

sin
).(

sin 2

2

22 




















  

or dv
T

r

k
dQ

2

2

22 sin 





         

(iii) r -  plane;  - direction: The rate of heat flowing into the control volume through the face 

DCGH  can be given by Fourier law as below. 

 








r

T
drdrkQ ).sin(         

The rate of heat flowing out the control volume through the face ABFE  is  dQ   and it can be 

given by Taylor expansion as, 

 


 rdQ
r

QQ d )(



         

The rate of heat stored in the volume element due to conduction of heat in  -direction )( dQ can 

be given as, 

 





 rdQ
r

rdQ
r

QQQQdQ d )()(
















     

Now substituting the value of Q  from, we obtain: 

 











 rdddr
T

r

k
rd

r

T
drdrk

r
dQ ..sin).sin( 


































   

or 














 rddrdr

T

r

k
rd

r

dr
dr

T

r

k
dQ .sin.sin

sin
.

sin

sin
.sin

2 
































   

or dv
T

r

k
dQ 






















 sin

sin2
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Net rate of heat stored in the element )( netQ  due to conduction of heat in r -,  - and  -directions 

can be obtained as,  dQdQdQQ rnet  .  

Thus dv
T

r

k
dv

T

r

k
dv

r

T
r

rr

k
Qnet 












































sin

sinsin 22

2

22

2

2
  

The rate of heat stored in the element due to heat generation )( gQ  is given as,  

 dvqrddrdrqQ ggg   .sin.        

The rate of increase in internal energy of the element )( stQ  due to increase in temperature of the 

element by dT  in time dt  is given by, 

 
t

T
cdvQst




           

The energy balance for the volume element can be given as below. 

 stgnet QQQ           

Substituting expressions of netQ , gQ  and stQ  in above equation, we get:   

 
t

T
dvcdvqdv

T

r

k
dv

T

r

k
dv

r

T
r

rr

k
g

















































sin

sinsin 22

2

22

2

2
 

 
t

T
dvcdvqdv

T

r

T

rr

T
r

rr
k g

























































sin

sin

1

sin

11
22

2

22

2

2
 

Dividing both sides by kdv , we obtain the below expression.  

 
t

T

k

c

k

qT

r

T

rr

T
r

rr

g

















































 





sin

sin

1

sin

11
22

2

22

2

2
 

or 
t

T

k

qT

r

T

rr

T
r

rr

g
























































1
sin

sin

1

sin

11
22

2

22

2

2
     (i)  

This is the general heat conduction equation in spherical coordinates which is useful in analysing 

heat transfer in spherical shaped solid bodies such as spherical metal balls and walls of spherical 

containers.  

Special forms of the general heat conduction equation in spherical coordinates are: 

 (i) For steady state one dimensional heat conduction in radial direction ( r -direction) and in the 

absence of any heat generation, Equation (i) reduces to the following form. 

  0
1 2

2










dr

dT
r

dr

d

r
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(ii) For steady state one dimensional heat conduction in radial direction ( r -direction) and with heat 

generation, Equation (i) reduces to the following form. 

  0
1 2

2










k

q

dr

dT
r

dr

d

r

g
        

or 022 







r

k

q

dr

dT
r

dr

d g
        

Question 4. For one dimensional steady state heat conduction derive expressions for temperature 

distribution and rate of heat conduction through a plane wall with constant thermal conductivity 

and without internal heat generation.  

Answer: Consider steady heat conduction through a plane wall (or slab) of thickness L . Let A  be its 

constant cross-sectional area normal to heat flow direction, k  be the constant thermal conductivity 

and there is no heat generation with in this wall. The two faces of the wall are maintained at uniform 

temperatures 1T  at 0x  and 2T  at Lx   such that 21 TT    as shown in below Figure.  

)(xT
A

L

Q Q

1T

2T

x

T

)(xT

L

1T

2T

(3-D view of wall)                  (Front view)

A

l
b

blA 
Q

1T 2T
Q

(Thermal circuit)

kA

L
R 

21 TT 

k k

0x
0x Lx 

 

The general heat conduction equation in Cartesian coordinates is given as,  

 
t

T

k

q

z

T

y

T

x

T g






















1
2

2

2

2

2

2

  

Since (i) 0/ 22  yT  and 0/ 22  zT   (1-D heat transfer), (ii) 0/  tT  (Steady heat transfer) 

and (iii) 0gq  (No heat generation), therefore, we get:  

 0
2

2


dx

Td
          

Integrating, we get: 1C
dx

dT
  

Integrating again, we get: 21 CxCT    (i)      

Here, 1C  and 2C  are arbitrary constants whose values can be obtained with the help of the 

boundary conditions: (i) 1TT   at 0x  and (ii) 2TT   at Lx   

Substituting first boundary condition (b.c.) in Equation (i), we get:  

12211 )0( TCCCT   

Substituting second boundary condition and value of 2C  in Equation (i), we get: 



33 
 

 
L

TT
CTLCT 12

1112 )(


  

Temperature distribution in the wall can be obtained by substituting the values of 1C  and 2C  in 

Equation (i) as , 

 
1

12 Tx
L

TT
T 







 
          

Differentiating above equation with respect to x , we get: 

 
L

TT

dx

dT 12            

The rate of heat conduction through the wall is given by Fourier’s law as, 

 
L

TT
kA

L

TT
kA

dx

dT
kAQ 2112 




       

or 
resistancethermalConductive

differenceeTemperatur

)/(











R

T

kAL

T

L

T
kAQ    

The term )/(kAL  in above Equation is called the conductive thermal resistance or simply thermal 

resistance )( RorRcond . The thermal circuit is also shown in above Figure.  
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Alternatively:  

Rate of heat conduction Temperature distribution 

Fourier equation: 
dx

dT
kAQ    

Rearranging and integrating between the limits 

1TT   at 0x  and 2TT   at Lx  . 

  
2

10

T

T

L

dTkAdxQ  

 )( 21 TTkAQL    

L

TTkA
Q

)( 21       (i)   

 

Rearranging & integrating the Fourier equation 

with in the limits 1TT   at 0x  and T  at x  as,  

  

T

T

x

dTkAdxQ

10

   or    )( 1 TTkAQx   

x

TTkA
Q

)( 1       (ii)  

Comparing Equations (i) & (ii), we get: 

                 
L

TTkA

x

TTkA )()( 211 



 

              
1

12 Tx
L

TT
T 







 
  

        

Question 5. The outer and inner sides of the 30 cm thick wall ( mKWk /8.0 ) are maintained at 

310 K and 290 K, respectively. Determine the steady rate of heat transfer through the given wall if its 

length is 4 m and height is 3 m. Also calculate the temperature at an interior point of the wall at 0.2 

m distance from the outer surface.  

Solution Refer below Figure. Let mcmL 3.030  , mKWk /8.0 , KT 3101  , KT 2902  , 

ml 4 , mb 3  and mx 2.0 . 

  

)(xT

L

1T

2TA

Q

k
0x Lx 

 

 21234 mblA   

 W
L

TT
kAQ 640

3.0

290310
128.0

)( 21 





  (Ans.)  

 KTx
L

TT
T 7.2963102.0

3.0

310290
1

12 






 








 
  (Ans.) 

Question 6. Derive expression for rate of heat conduction through a plane wall with variable thermal 

conductivity. 

Answer: Thermal conductivity of many materials can be approximated as, )1(0 Tkk  . Here, 0k  

is the thermal conductivity at a reference temperature,   is an empirical constant also called as 

temperature coefficient of thermal conductivity and T  is any temperature. 
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)(xT

L

1T

2TA

Q

0x Lx 
)1(0 Tkk 

 

The rate of heat conduction through a plane wall with variable thermal conductivity can be obtained 

by substituting the value of )1(0 Tkk   in Fourier Law as,  

   
dx

dT
ATkQ )1(0         

Rearranging the above expression and integrating both sides within the boundary conditions (i) 

1TT   at 0x  and (ii) 2TT   at Lx   as shown in above Figure. 

 

2

1

2

1
2

][)1(
2

000

0

T

T

L

T

T

L
T

TAkLQdTTAkdxQ 







      

 






 











































2

)(
)(

22

2

2

2

1
21

0

2

2
2

2

1
1

0 TT
TT

L

Ak
Q

T
T

T
T

L

Ak
Q    

 
L

TTAk

L

TTA
TkQ

L

TTATT
kQ m

m

)()(
)1(

)(

2

)(
1 2121

0
2121

0















 
    

Here, )1(0 mm Tkk   is the mean thermal conductivity evaluated at the arithmetic mean 

temperature, 2/)( 21 TTTm  .  

Question 7.  The temperatures of the two surfaces of a 0.25 m thick plane fireclay wall are 1250 K 

and 250 K. The thermal conductivity of the fireclay varies with temperature T  in K as per the linear 

relation, )00072.01(835.0)/( TmKWk  . Determine (i) the steady heat loss through the wall 

which is mm 8.02   on a side and (ii) heat flux.  

Solution: Let mL 25.0 , KT 12501  , KT 2502  ,  )00072.01(835.0 Tk  , ml 2  and 

mb 8.0 . 

(i) K
TT

Tm 750
2

2501250

2

21 





  

 mKWTkk mm /2859.1)75000072.01(835.0)1(0    

 26.18.02 mblA   

 W
L

TTAk
Q m 76.8229

25.0

)2501250(6.12859.1)( 21 





  (Ans.) 

(ii) 
2/6.5143

6.1

76.8229
mW

A

Q
q   (Ans.) 
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Question 8.  Derive expression for rate of heat conduction through a composite wall under one 

dimensional (1-D) steady state heat conduction and without internal heat generation. Also find the 

expression for overall heat transfer coefficient.  

Answer: Consider a composite wall consisting of three layers 1, 2 and 3 having a perfect contact at 

the interfaces. This wall is heated on left side by a hot fluid and cooled on the right side by a cold 

fluid as shown in below Figure. Here, steady one-dimension (1-D) heat conduction occurs through 

the composite wall without any heat generation. 

Let  1L , 2L  and 3L  be thicknesses and 1k , 2k  and 3k  be the constant thermal conductivities of 

the three layers 1, 2 and 3, respectively,  

A  be the area of the composite wall normal to heat flow direction, 

hfT  and cfT  be the temperatures and hfh  and cfh  be the convective heat transfer 

coefficients of hot and cold fluids, respectively,   

1T  and 4T  be the surface temperatures of the composite wall on hot fluid and cold fluid 

sides, respectively, and 2T  and 3T  be the temperatures at the interfaces. 

1T

2T

A

1T 2TQ

hfR

hfT

cfT

hfT

hfh

cfh

Hot fluid

Cold fluid

3T

4T

QQ

cfT

3L

1R 3R
2R

3T
4T

1L 2L

2 3

1k
2k

3k

Interfaces

cfR

Q

1
Ah

R
hf

hf

1


Ak

L
R

1

1
1 

Ak

L
R

2

2
2 

Ak

L
R

3

3
3 

Ah
R

cf

cf

1


 

In steady state conditions, the rate of heat transfer through the wall remains constant and it can be 

given by the following expression. 

 )()( 4

3

43
3

2

32
2

1

21
11 cfcfhfhf TTAh

L

TT
Ak

L

TT
Ak

L

TT
AkTTAhQ 








   

or 
Ah

TT

AkL

TT

AkL

TT

AkL

TT

Ah

TT
Q

cf

cf

hf

hf

/1////1

4

33

43

22

32

11

211 












  

Thermal resistances are given as:  

AhR hfhf /1 ; AkLR 111 / ; AkLR 222 / ; AkLR 333 / ; AhR cfcf /1  

Thus 
cf

cf

hf

hf

R

TT

R

TT

R

TT

R

TT

R

TT
Q
















4

3

43

2

32

1

211
      

From above Equation, we get: 

 hfhf QRTT  1 ; 121 QRTT  ; 232 QRTT  ; 343 QRTT  ; cfcf QRTT 4  

Adding these expressions, we get: ][ 321 cfhfcfhf RRRRRQTT   
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








R

T

RRRRR

TT
Q

cfhf

cfhf

321

  (i)     

Equation (i) can also be written in terms of overall heat transfer coefficient )(U  as,  

 TUATTUAQ cfhf  )(     (ii) 

By comparing Equations (i) and (ii), we get:  



RA

U
1

   

Or 
]/1////1[

1

332211 AhAkLAkLAkLAhA
U

cfhf 
  

 
]/1////1[

1

332211 cfhf hkLkLkLh
U


     

The overall heat transfer coefficient )(U  is widely applied in the analysis of the problems related 

with composite walls and design of heat exchangers. 

Question 9.  Find the values of total thermal resistance and rate of heat conduction for the 

composite wall shown in below Figure using electrical analogy. 

  

1T
2T

AHot fluid

Cold fluid
3T

4T

QQ

3L
1L 2L

1

2

31k 4k

5k

2k 3k

4

5

6k6

hfhf hT ,

cfcf hT ,

 

Answer: Equivalent thermal resistance circuit for the given composite wall becomes,  

1T 2T
Q

hfR
hfT

cfT

1R

3R

2R

3T
4T cfR

Q

4R

6R

5R

 

Here, AhR hfhf /1 , 1111 / AkLR  , 2212 / AkLR  , 3323 / AkLR  , 4434 / AkLR  , 5535 / AkLR  , 

6636 / AkLR   and AhR cfcf /1 . 

The equivalent thermal resistances 1)( eqR  and 2)( eqR  for conduction through the composite wall 

containing thermal resistances in parallel can be evaluated as below. 

 
21

1

211 /1/1

1
)(

11

)(

1

RR
R

RRR
eq

eq 
   

 
543

2

5432 /1/1/1

1
)(

111

)(

1

RRR
R

RRRR
eq

eq 
  

Total thermal resistance,   
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cfeqeqhf RRRRRR  231 )()(  

 









R

T

RRRRR

TT
Q

cfeqeqhf

cfhf

231 )()(
 

Question 10.   A steam boiler furnace is made of three layers of thicknesses 25 cm, 10 cm and 15 cm 

with thermal conductivities mKW /64.1 , k  and mKW /9 , respectively. The hot gas temperature 

is 1520 K having a convection coefficient of KmW 2/25  and the wall temperature inside the 

furnace is 1375 K. Determine the unknown thermal conductivity if the outside wall is exposed to air 

at 297 K and the convection coefficient is KmW 2/12 .     

Solution: Refer below Figure. Let mcmL 25.0251  , mcmL 1.0102  , 

mcmL 15.0153  , mKWk /64.11  , kk 2 , mKWk /93  ,  KThf 1520 , 

KmWhhf

2/25 , KT 13751  , KTcf 297   and KmWhcf

2/12 .  

1T

2T

A

hfT

cfT

hfh

cfh

Hot fluid

Cold fluid

3T

4T

QQ

3L1L 2L

2 3

1k
2k

3k

Interfaces

1

 

Heat flux under steady state can be given as below. 

 
cf

cf

hfhf
hkLkLkL

TT
TTh

A

Q
q

/1///
)(

332211

1

1



     

Thus 
)12/1()9/15.0()/1.0()64.1/25.0(

2971375
)13751520(25






k
 

 1078
1.0

2524.03625 









k
  

mKWk /22.2  (Ans.) 

Question 11.   Find the steady 1-D heat flow rate through the composite wall shown in below Figure. 

Take mKWk /1501  , mKWk /302  , mKWk /653   and mKWk /504  .  

Solution: Refer below Figure (a). Let mcmL 03.031  , mcmLL 08.0832  , 

mcmL 05.054  , mKWk /1501  , mKWk /302  , mKWk /653   and mKWk /504  . 

The thermal circuit for the composite wall is shown in Figure (b). 

Q
4T

3T2R

3R10 cm
3 cm

8 cm

5 cm673 K

333 K

1
2

3
4

3 cm 8 cm 5 cm

1T

1R

2T

4R

3 cm

7 cm

3 cm

7 cm

(b)(a)

Q

2

1 3

4

Q

673 K 333 K

Q Q

Q
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WK
Ak

L
R /02.0

)1.01.0(150

03.0

11

1
1 


 ; WK

Ak

L
R /89.0

)03.01.0(30

08.0

22

2
2 


  

WK
Ak

L
R /176.0

)07.01.0(65

08.0

33

3
3 


 ; WK

Ak

L
R /1.0

)1.01.0(50

05.0

44

4
4 


  

Resistances 2R  and 3R  are in parallel, thus equivalent resistance )( eqR  becomes, 

 WK
RR

Req /147.0
)176.0/1()89.0/1(

1

/1/1

1

32







  

The total thermal resistance can be obtained as below. 

 WKRRRR eq /267.01.0147.002.041   

The steady heat flow rate through the composite wall can be evaluated as,  

 W
R

T
Q 41.1273

267.0

333673









 (Ans.) 

Question 12.   The thickness of a furnace wall made up of firebricks )/8.0( mKWk   and 

insulation )/12.0( mKWk   is 30 cm. Evaluate the thickness of each layer and the rate of heat loss 

per unit area of the wall, if under steady state condition the furnace sidewall temperature is 1580 K, 

ambient side wall temperature is 302 K and the intermediate temperature is 1420 K. 

Solution: Refer below Figure. Let mKWk /8.01  , mKWk /12.02   

mcmLLL 3.03021  , KT 15801  , KT 3023  , and KT 14202  . Let 1L  be the 

thickness of firebricks, thus  )3.0( 12 LL   be the thickness of the insulation. 

1T
2T

3T

q

1L 2L

1 2

1k 2k
q

 

Since 
22

32

11

21

// kL

TT

kL

TT
q





    or 

12.0/)3.0(

3021420

8.0/

14201580

11 LL 





  

mL 1465.01   (Ans.) 

 mLL 1535.01465.03.03.0 12   (Ans.) 

2

11

21 /72.873
8.0/1465.0

14201580

/
mW

kL

TT
q 





  (Ans.) 

Question 13. A 60 cm thick wall )/2.1( mKWk   of a furnace is to be insulated with a material 

)/2.0( mKWk   so that steady heat loss per square meter would not exceed 1200 W. Determine 

the thickness of insulation if the inner and outer surface temperatures are 1470 K and 300 K, 

respectively.  
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Solution: Refer below Figure. Let mcmL 6.0601  , mKWk /2.11  , mKWk /2.02  , 
2/1200 mWq  , KT 14701   and KT 3003  . Let 2L  be the thickness of the insulation. 

1T
2T

3T

q

1L 2L

1 2

1k 2k
q

 

 
2211

31

// kLkL

TT
q




   or  

)2.0/()2.1/6.0(

3001470
1200

2L


  

cmormL 5.9095.02   (Ans.) 

Question 14.  An exterior wall of a house is made up of 10 cm layer of common bricks 

)/72.0( mKWk   followed by a 4.2 cm layer of gypsum plaster )/46.0( mKWk  . Evaluate the 

thickness of loosely packed rock wool insulation )/06.0( mKWk   to be added to reduce the 

steady heat loss through the wall by 85%. 

Solution Refer below Figure. Let mcmL 1.0101  , mKWk /72.01  , mcmL 042.02.42  , 

mKWk /46.02  , mKWk /06.03   and 12 15.0 qq  .  

Let 3L  be the thickness of rock wool insulation and T  be the temperature difference across the 

composite wall that remains the same in both the cases. 

1L 2L

1 2

1k 2k

1L 2L

1 2

1k 2k
3

3L

2q
1q 1q 2q

Bricks Plaster Bricks Plaster Wool

3k

  

Heat flux under steady state for the composite wall of brick and plaster is given as,  

T
T

kLkL

T
q 









 3442.4

)46.0/042.0()72.0/1.0(// 2211

1    

Since addition of rock wool insulation reduces heat loss by 85%, therefore, heat flux will become 

15% of 1q , i.e.,  TTqq  65163.03442.415.015.0 12 . 

Now 
332211

2
/// kLkLkL

T
q




  

Thus 
)06.0/()46.0/042.0()72.0/1.0(

65163.0
3L

T
T




  

cmormL 8.7078.03   (Ans.) 

Question 15.  The composite wall of a room made of 28 cm thick common bricks )/7.0( mKWk   

on the inside, followed by a 3.2 cm thick mortar layer )/64.0( mKWk   and 12 cm thick of 

limestone layer )/6.0( mKWk  . The inside and outside air temperatures are 300 K and 268 K, 

respectively and the corresponding  convective heat transfer coefficients are KmWhhf

2/5  and 
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KmWhcf

2/10 . Evaluate (i) overall heat transfer coefficient, (ii) steady rate of heat transfer per 

unit area and (iii) temperature at the interface of bricks and mortar.     

Solution: Refer below Figure. Let mcmL 28.0281  , mKWk /7.01  , mcmL 032.02.32  , 

mKWk /64.02  , mcmL 12.0123  , mKWk /6.03  ,  KThf 300 , KTcf 268 , 

KmWhhf

2/5  and KmWhcf

2/10 .  

1T

2T
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hfT

cfT

hfh

cfh

Hot air

Cold air

3T

4T

QQ

3L1L 2L

2 3

1k
2k
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1

 

WKmhhf /2.05/1/1 2 ; WKmkL /4.07.0/28.0/ 2

11   

WKmkL /05.064.0/032.0/ 2

22  ; WKmkL /2.06.0/12.0/ 2

33    

WKmhcf /1.010/1/1 2  

(i) The overall heat transfer coefficient can be obtained as, 

KmW
hkLkLkLh

U
cfhf

2

332211

/053.1
1.02.005.04.02.0

1

/1////1

1






   

(ii) Steady rate of heat transfer per unit area can be calculated as,  

2/696.33)268300(053.1)( mWTTUq cfhf   (Ans.) 

(iii) Temperature at the interface of bricks and mortar can be evaluated as, 

11

2

//1 kLh

TT
q

hf

hf




  or 

4.02.0

300
696.33 2






T
   

KT 78.2796.0696.333002   (Ans.) 

Question 16. A furnace wall consists of 200 mm layer of refractory bricks )/52.1( mKWk  , 6 mm 

layer of steel plate )/45( mKWk   and 100 mm layer of insulation bricks )/138.0( mKWk  . 

The maximum temperature of the wall is 1423 K on the furnace side and the minimum temperature 

is 313 K on the outermost side of the wall.  If the steady heat loss from the wall is 2/400 mW  and 

there is air gap between the layers of refractory bricks and steel plate, find how many mm of 

insulation brick is the air gap equivalent? Also determine the temperature of outer layer surface of 

the steel plate.     

Solution: Refer below Figure. Let mmmL 2.02001  , mKWk /52.11  , 

mmmL 006.063  , mKWk /453  , mmmL 1.01004  , mKWk /138.04  ,  

KT 14231  , KT 3135  , 2/400 mWq  , Air gap: mxmmxL 001.02   and 42 kk  .  
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WKmkL /1316.052.1/2.0/ 2

11  ; WKmxxkL /0072.0138.0/001.0/ 2

22    

WKmkL /00013.045/006.0/ 2

33  ; WKmkL /7246.0138.0/1.0/ 2

44   

Since 
44332211

51

//// kLkLkLkL

TT
q




   

Thus 
7246.000013.00072.01316.0

3131423
400






x
 

 mmx 48.266  (Ans.) 

Temperature of outer layer surface of the steel plate can be evaluated as below. 

44

54

/ kL

TT
q


   or  

7246.0

313
400 4 

T
  

KT 84.6023137246.04004   (Ans.) 

Question 17. For one dimensional steady state heat conduction derive expressions for temperature 

distribution and rate of heat conduction through a hollow cylinder with constant thermal 

conductivity and without internal heat generation.  

Answer: Consider steady state one dimensional heat conduction through a hollow cylinder of length 

L  whose both ends are insulated. Let 1r  be the inner radius, 2r  be the outer radius, 1T  and 2T  be 

the constant temperatures at inner and outer surfaces, respectively, such that 21 TT  , k  be the 

constant thermal conductivity and there is no heat generation (Refer below Figure). Here, heat flows 

only in radial direction. Thus temperature is only a function of r -direction i.e., temperature 

distribution is )(rT . 

1T 2T
Q

(Thermal circuit)

2r 2T

1r

1T

k

kL

rr
R

2

)/ln( 12

Q

21 TT drdr

r
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1T

2T

r

Q

Q

 

The general heat conduction equation in cylindrical coordinates is given as, 

  
t

T
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2

2

2

2
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2

   

Since (i) 0/ 22  T  and 0/ 22  zT   (1-D heat transfer in radial direction only), (ii) 0/  tT  

(Steady heat transfer) and (iii) 0gq  (No heat generation), therefore, we get: 
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0
1

2

2


dr

dT

rdr

Td
  

or  0








dr

dT
r

dr

d
  ]0)/1([ r        

Integrating, we get: 1C
dr

dT
r      or  

r

C

dr

dT 1  

Again integrating, we get:  21 ln CrCT   (i)      

Here, 1C  and 2C  are arbitrary constants whose values can be obtained with the help of the two 

boundary conditions: (i) 1TT   at 1rr   and (ii) 2TT   at 2rr  . 

Applying first boundary condition, i.e., at 1rr  , 1TT  , we get: 

2111 ln CrCT     (ii) 

Applying second boundary condition, i.e., at 2rr  , 2TT  , we get: 

2212 ln CrCT     (iii) 

From the expressions (ii) and (iii), we obtain the values of 1C  and 2C  as,  
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Temperature distribution can be obtained by substituting the values of 1C  and 2C  in Equation (i) as,  
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12 ln
)/ln(

ln
)/ln(
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rr

TT
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rr
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


   (iv)       

Differentiating above Equation with respect to r , we get: 
)/ln( 12

12

rrr

TT

dr

dT 
  

Thus, the rate of heat conduction through the cylinder is given by Fourier’s law as below. 
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12   

The term 
kL

rr

2

)/ln( 12  in above Equation is called the conductive thermal resistance or thermal 

resistance )( RorRcond  for hollow cylinder. The thermal circuit is also shown in above Figure. 

Alternatively:  
dr

dT
rLk

dr

dT
kAQ )2(   (Fourier equation) 

Rearranging and integrating between the limits 1TT   at 1rr   and 2TT   at 2rr   as, 
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Question 18.  A long hollow cylinder with thermal conductivity mKW /80  has inner and outer radii 

as 10 cm and 20 cm, respectively. If its inner and outer surfaces are maintained at constant 

temperatures of 420 K and 320 K, respectively, then calculate (i) the steady rate of heat loss through 

the pipe per unit of its length and (ii) the temperature at a point halfway between the inner and the 

outer surfaces.  

Solution: Let mKWk /80 , mcmr 1.0101  , mcmr 2.0202  ,  KT 4201  ,  

KT 3202  , mL 1  and r  be the radius at halfway between the inner and outer surfaces. 

(i) W
rr

TTkL
Q 76.72517

)1.0/2.0ln(

)320420(1802

)/ln(

)(2

12

21 








 (Ans.) 

(ii) m
rr

r 15.0
2

2.01.0

2

21 





  

Since 1
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12 ln
)/ln(
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)/ln(

r
rr
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
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 KT 5.3611.0ln
)1.0/2.0ln(

420320
42015.0ln

)1.0/2.0ln(

420320






  (Ans.) 

Question 19.  A long hollow cylindrical tube has inner and outer radii as 4 cm and 8 cm, respectively. 

A current of 5 ampere flows in the electric heater fitted into it along its length to maintain a steady 

temperature difference of 373 K between the inner and outer surfaces. If resistance of the heater is 

20 ohm per meter of its length then find the thermal conductivity of tube material.  

Solution: Let mcmr 04.041  , mcmr 08.082  ,  AI 5 ,  KT 373 , and 

mRe /20 . 

Since 
L

R
I

rr

Tk

L

Q e


 2

12 )/ln(

2
  

 mKW
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rrLRI
k e /148.0
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)/ln()/( 2
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2













  (Ans.) 

Question 20. Derive expression for rate of heat conduction through a hollow cylinder with variable 

thermal conductivity. 

Answer: Rate of heat conduction through a hollow cylinder with variable thermal conductivity can 

be obtained by using )1(0 Tkk   in Fourier Law as, 
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dr

dT
rLTkQ   2)1(0       

Rearranging and integrating both sides within the boundary conditions (i) 1TT   at 1rr   and (ii) 

2TT   at 2rr   as shown in below Figure. 
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The mean thermal conductivity )1(0 mm Tkk   is evaluated at mean temperature 

2/)( 21 TTTm  .  
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Question 21. The inside and outside radii of 4 m long thick walled copper pipe are 2 cm and 4 cm 

respectively. If the inner and outer surfaces are maintained at 580 K and 550 K, respectively and 

thermal conductivity of pipe varies with temperature T  in K as per the linear relation, 

mKWTk /)}]170(00008.01{380[  , determine the steady rate of heat loss through the 

pipe.  

Solution: Let mL 4 , mcmr 02.021  , mcmr 04.042  , KT 5801  , KT 5502   and  

mKWTk /)}]170(00008.01{380[  . 

Since )1(0 mm Tkk   

Here K
TT

Tm 395
2

)170550()170580(
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
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 mKWTk mm /99.367]39500008.01[380]00008.01[380   
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 (Ans.) 
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Question 22.  For one dimensional steady state heat conduction derive expressions for rate of heat 

conduction through a composite cylinder without internal heat generation. Also find the expressions 

for overall heat transfer coefficient.  

Answer: Consider a composite cylinder or coaxial cylinders (e.g., lagged pipe carrying steam) of 

length L  consisting of two layers 1 and 2 having a perfect contact at the interfaces as shown in 

below Figure. Hot fluid is flowing inside while the outer surface is exposed to the cold fluid. Let 

steady radial heat conduction (one-dimensional) occurs through the composite cylinder without any 

heat generation.  
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Q
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3T

cfT cfh

Hot fluid

Cold fluid  

Let  1r  be the inner radius, 2r , 3r  be outer radii  of the two layers 1 and 2, respectively, and 1k , 

2k  be the constant thermal conductivities of the corresponding layers,  

 LrAi 12  and LrAo 32  be the internal and external surface areas of the composite 

cylinder, respectively, 

hfT , cfT  be the temperatures and hfh , cfh  be the convective heat transfer coefficients of 

hot and cold fluids, respectively,   

1T  and 3T  be the surface temperatures of the composite cylinder on hot fluid side and cold 

fluid side, respectively, and 2T  be the temperature at the interface. 

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer 

remains constant and it can be given as, 
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Here, various thermal resistances are given as,  

hfi

hf
hA

R
1

 ; 
Lk

rr
R

1

12
1

2

)/ln(


 ; 

Lk

rr
R

2

23
2

2

)/ln(


 ;  

cfo

cf
hA

R
1

  

Thus 
cf

cf

hf

hf

R

TT

R

TT

R

TT

R

TT
Q













3

2

32

1

211
      

From above Equation, we get:   
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hfhf QRTT  1
; 121 QRTT  ; 232 QRTT  ; 

cfcf QRTT 3
  

Adding, we get: ][ 21 cfhfcfhf RRRRQTT   
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21

    (i)    

The rate of heat transfer from the hot to cold fluid can also be written as,  

 TUATTUAQ cfhf  )(      (ii)    

Here, U  is the overall heat transfer coefficient and A  is the area normal to the direction of heat 

flow.  

By comparing Equations (i) and (ii), we obtain: 
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For a hollow cylinder the area varies with radius. Therefore, it becomes necessary to specify the area 

on which U  is based. Thus depending on whether the inner or outer area is specified, two values 

are defined for U  are the overall heat transfer coefficient based on inner area )( iU  and the overall 

heat transfer coefficient based on outer area )( oU as, 
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and 
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The concept of overall heat transfer coefficient in cylindrical system is used in the design of heat 

exchangers. 

Question 23. A steel pipe )/55( mKWk   of inner diameter 10 cm and 11 cm outer diameter is 

insulated with a material )/15.0( mKWk   of thickness 3.5 cm. The pipe carries a hot fluid at a 

temperature of 360 K with a convective heat transfer coefficient of KmW 2/600 . If outside 

temperature and convective heat transfer coefficient are 298 K and KmW 2/10 , respectively, 

calculate (i) the steady loss of heat per meter length of pipe and (ii) the overall heat transfer 

coefficient based on inner surface.  

Answer: Refer below Figure. Let mKWk /551  , mcmd 1.0101  , mcmd 11.0112  , 

mKWk /15.02  , mcmt 035.05.3  , KThf 360 , KmWhhf

2/600 , KTcf 298  and 

KmWhcf

2/10 . 
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 mdr 05.02/1.02/11  ; mdr 055.02/11.02/22    

mtrr 09.0035.0055.023   

(i) The steady loss of heat per meter length of pipe can be given as below. 
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(ii) The overall heat transfer coefficient based on inner surface can be given as below.  
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Question 24.  A 3 cm outer diameter steam pipe is to be covered with two layers of insulation each 

having thickness 2.5 cm. The average thermal conductivity of one material is five times of the other. 

Determine the percentage decrease in heat transfer, if better insulating material is kept next to pipe 

surface than it is as outer layer. Assume that the outside and inside temperatures are fixed and 

other conditions remain same. 

Solution: Refer below Figure. Let mcmd 03.031  , mcmttt 025.05.221  , 1k  be the 

thermal conductivity of first layer (better insulating material), 15k  be the thermal conductivity of 

second layer,  1T  be the inside temperature and 3T  be the outside temperature.  

mdr 015.02/03.02/11   ; mtrr 04.0025.0015.012  ;  

mtrr 065.0025.004.023   
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Case I: When better insulating material layer is kept inside. Refer Figure (a). 
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Case II: When better insulating material layer is kept outside. Refer Figure (b). 
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Since 12 QQ  , therefore, better insulating material layer next to the pipe decreases the heat 

transfer rate. The percentage decrease in heat transfer rate is obtained as below. 

 %8.36100
934.2

855.1934.2
100

2

12 
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

Q

QQ
 (Ans.) 

Comment: For the insulation of a cylindrical pipe, material with lower thermal conductivity should 

be applied next to the hot surface. 

Question 25. A steel pipe )/30( mKWk   of inner diameter 5 cm and 6 cm outer diameter is 

insulated with a material of thermal conductivity mKW /056.0 . If the temperature at the interface 

between pipe and insulation is 585 K, while the temperature on outside surface of insulation must 

not exceed 345 K, with permissible heat loss of mW /705  then, calculate (i) the required thickness 

of insulation and (ii) the temperature at the inside surface of pipe.  

Solution: Refer below Figure. Let mKWk /301  , mcmd 05.051  , mcmd 06.062  , 

mKWk /056.02  , KT 5852  , KT 3453   and  mWLQ /705)/(  . Let t  be the thickness of 

insulation and 1T  be the temperature at the inside surface of pipe. 
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 (i) mdr 025.02/05.02/11  ; mdr 03.02/06.02/22   

The steady rate of heat transfer through insulation layer can be given as below. 
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(ii) The steady rate of heat transfer through the pipe can be given as below. 
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Question 26.  A 5 m  long steam pipe )/45( mKWk   of 4.8 cm inside diameter and 6.4 cm 

outside diameter is insulated with a 2.6 cm radial thickness of high temperature insulation 

)/1.1( mKWk  . The surface heat transfer coefficient for inside and outside surfaces are 

KmW 2/4650  and KmW 2/5.11 , respectively. If the steam temperature is 473 K and ambient 

temperature is 298 K, determine (i) rate of heat loss from pipe, (ii) temperature at the interface and 

(iii) overall heat transfer coefficients.  

Solution: Refer below Figure. Let mL 5 , mKWk /451  , mcmd 048.08.41  , 

mcmd 064.04.62  , mcmt 026.06.2  , mKWk /1.12  , KmWhhf

2/4650 , 

KmWhcf

2/5.11 ,  KThf 473  and KTcf 298 .  
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mdr 024.02/048.02/11  ; mdr 032.02/064.02/22    

 mtrr 058.0026.0032.023   
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Thus WKR /06542.004772.001721.010035.210852.2 44    

(i) The rate of heat loss from pipe can be evaluated as follows.  
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(ii) The steady rate of heat transfer through the pipe can be given as below. 
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(iii) The overall heat transfer coefficient based on inner area can be evaluated as below.  
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The overall heat transfer coefficient based on outer area can be evaluated as below. 
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Note: oi UU   as oi AA   

Question 27.   Saturated steam at 385 K flows inside a copper pipe )/401( mKWk   of length 3 m 

having inner diameter of 8 cm and outer diameter of 10 cm.  The surface heat transfer coefficient for 

inside and outside surfaces are KmW 2/10000  and KmW 2/15 , respectively. Determine the 

steady rate of heat loss from pipe if it is located in a room at 300 K. How this heat loss rate would be 

affected if pipe is lagged with 5 cm thick insulation )/2.0( mKWk  .  

Solution: Refer below Figure. Let KThf 385 , mKWk /4011  , mL 3 ,  mcmd 08.081  , 

mcmd 1.0102  , KmWhhf

2/10000 , KmWhcf

2/15 , KTcf 300 , mcmt 05.05   

and mKWk /2.02  .  

mdr 04.02/08.02/11  ; mdr 05.02/1.02/22  ; mtrr 1.005.005.023   
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Case I: When the pipe is not insulated. Refer Figure (a) 
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Case II: When the pipe is insulated. Refer Figure (b) 
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Since 12 QQ  , therefore, addition of insulation decreases the heat transfer rate. The percentage 

decrease in heat transfer rate is obtained as below. 

 %17.72100
91.1198

65.33391.1198
100

1

21 





Q

QQ
 (Ans.) 

Question 28. A steel pipe having an external diameter of 40 mm carrying steam has its outer surface 

at 475 K. It is to be lagged with a layer of insulating material of thermal conductivity mKW /08.0  to 

reduce the heat loss by 60%. The ambient temperature is 304 K and the convective heat transfer 

coefficient is KmW 2/10 . What thickness of lagging must be added when all other conditions 

remain unchanged? Neglect resistance due to pipe material. 

Solution: Refer below Figure. Let mmmd 04.0401  , KT 4751  , mKWk /08.01  , 

12 4.0 QQ  , KTcf 304 , KmWhcf

2/10 , mL 1 , 2r  be the radius of pipe after adding the 

insulation and )( 12 rrt   be the thickness of lagging.   

mdr 02.02/04.02/11    

1k

1

2r

1T

cfT

cfh

Lagging

Steam

1r

Pipe

A
ir

1T
cfh

Steam

1r A
ir

cfT

1Q 2Q

 

The rate of heat loss from pipe without any insulation as shown in Figure (a) can be given as below. 

 WTTLhrQ cfcf 9.214)304475(11002.02)(2 111    

Since addition of lagging (Figure (b)) reduces heat loss by 60%, therefore, allowable heat loss will 

become 40% of 1Q , i.e.,  WQQ 96.859.2144.04.0 12  . 
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Since 

cf

cf
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Q

21
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)(2
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
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or 49.12
1.0

02.0
ln5.12

2

2 








r

r
 

This equation is to be solved for 2r  by trial and error, which would give mr 0456.02  . 

 mmormrrt 6.250256.002.00456.012   (Ans.) 

Question 29. For one dimensional steady state heat conduction derive expressions for temperature 

distribution and rate of heat conduction through a hollow sphere with constant thermal conductivity 

and without internal heat generation. 

Answer: Consider steady state one dimensional (radial direction) heat conduction through a hollow 

sphere. Let 1r  be the inner radius, 2r  be the outer radius, 1T  and 2T  be the constant temperatures 

at inner and outer surfaces, respectively, such that 21 TT  , k  be the constant thermal conductivity 

and there is no heat generation (Refer below Figure). Here, heat flows only in radial direction, 

therefore, temperature distribution is )(rT . 

1T 2T
Q

(Thermal circuit)

2r 2T

1r

1T

k

21

12

4 rkr

rr
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


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Q

21 TT dr

r

Q

 

The general heat conduction equation in spherical coordinates is given by,  
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Since (i) 0/ 22  T  and 0/ 22  zT   (1-D heat transfer in radial direction only), (ii) 0/  tT  

(Steady heat transfer) and (iii) 0gq  (No heat generation), therefore, we get: 

 0
1 2

2










dr

dT
r

dr

d

r
 or  02 









dr

dT
r

dr

d
 ]0)/1([ 2 r     

Integrating, we get: 1

2 C
dr

dT
r    or  

21
r

dr
CdT   

Again integrating, we get:  2
1 C

r

C
T          

The values of arbitrary constants 1C  and 2C  can be obtained with the help of the following two 

boundary conditions. 

 (i) 1TT   at 1rr   and (ii) 2TT   at 2rr   
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Applying first boundary conditions, we get: 
2

1

1
1 C

r

C
T    (i) 

Applying second boundary conditions, we get: 2

2

1
2 C

r

C
T   (ii) 

From the expressions (i) and (ii), we obtain the values of 1C  and 2C as below. 
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The expression for temperature distribution becomes, 
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Differentiating above Equation with respect to r , we obtain the below expression. 
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The rate of heat conduction through the sphere is given by Fourier’s law as,  
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The term 
21

12

4

)(

rkr

rr




 in above Equation is called the conductive thermal resistance or simply thermal 

resistance )( RorRcond  for the hollow sphere. The thermal circuit is also shown in above Figure.  

Alternatively:       

 
dr

dT
rk

dr

dT
kAQ )4( 2  (Fourier equation) 

Separating the Fourier equation and integrating between the limits 1TT   at 1rr   and 2TT   at 

2rr   as below. 
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Question 30.  A hollow spherical container )/55( mKWk   has inner and outer radii as 6 cm and 

14 cm, respectively. If its inner and outer surfaces are maintained at constant temperatures of 550 K 
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and 350 K, respectively, then calculate (i) the steady rate of heat loss through this container and (ii) 

the temperature at a point halfway between the inner and the outer surfaces.   

Solution: Let mKWk /55 , mcmr 06.061  , mcmr 14.0142  , KT 5501   and  

KT 3502  . 

(i) kW
rr

TTrkr
Q 514.14

)06.014.0(

)350550(14.006.0554

)(

)(4

12

2121 











 (Ans.) 
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
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12
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TT 




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
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1.0
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550 












  (Ans.) 

Question 31. Derive expression for rate of heat conduction through a hollow sphere with variable 

thermal conductivity. 

Answer: The rate of heat conduction through a hollow cylinder with variable thermal conductivity 

can be obtained by substituting the value of )1(0 Tkk   in Fourier Law as,   

dr

dT
rTk

dr

dT
kAQ  2

0 4)1(         

Rearranging the above expression and integrating both sides within the boundary conditions (i) 

1TT   at 1rr   and (ii) 2TT   at 2rr   as shown in below Figure.  
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The mean thermal conductivity )1(0 mm Tkk   is evaluated at mean temperature 

2/)( 21 TTTm  .  



56 
 

R

T

rrk

rr

TT

rr

TTrrk
Q

m

m 












21

12

21

12

2121

4

)(

)(

)(

)(4




       

Question 32. A thin walled spherical container of 140 mm inner radius is insulated by 100 mm thick 

insulation whose thermal conductivity varies with temperature T  in K as per the linear relation, 

)]006.01(03.0[)/( TmKWk  . If the inner and outer surfaces are maintained at -186 oC and 20 
oC, respectively, determine (i) the steady rate of heat inflow and (ii) the temperature at mean radius.  

Solution: Refer below Figure. Let mmmr 14.01401  , mmmt 1.0100  , 

mKWTk /)]006.01(03.0[  ,  KCT o 871861   and KCT o 293202  . 

2T
Q

21 TT T

mk

1r

2r

r
1T Insulation

 

 (i) K
TT

Tm 190
2

29387

2

21 





  

 mKWTkk mm /0642.0]190006.01[03.0)1(0    

 mtrr 24.01.014.012   

 KTTT 2068729312   

The steady rate of heat inflow can be evaluated as follows. 

 W
rr

Trrk
Q m 84.55

14.024.0

20624.014.00642.044
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21 











 (Ans.) 

(ii) Let T  be the temperature at the mean radius, r . 
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57 
 

 TTT 00783.0291.303783.000009.0353.8 2   

Thus 0644.1103.000009.0 2  TT  

KT 8.229
00009.02

644.1100009.0403.003.0 2





  (Taking +ve value) 

Therefore, the temperature at mean-radius is Co2.43)8.229273(   (Ans.) 

Question 33. For one dimensional steady state heat conduction derive expressions for rate of heat 

conduction through a composite sphere without internal heat generation. Also find the expressions 

for overall heat transfer coefficient.  

Answer: Consider a composite sphere or coaxial spheres consisting of two layers 1 and 2 having a 

perfect contact at the interface as shown in below Figure. Hot fluid is flowing inside while the outer 

surface is exposed to the cold fluid. Let steady radial heat conduction (one-dimensional) occurs 

through the composite sphere without any heat generation. 

Let  1r  be the inner radius, 2r , 3r  be outer radii  of the two layers 1 and 2, respectively, and 1k , 

2k  be the constant thermal conductivities of the corresponding layers,  

 
2

14 rAi   and 
2

34 rAo   be the internal and external surface areas of the composite 

sphere, respectively, 

hfT , cfT  be the temperatures and hfh , cfh  be the convective heat transfer coefficients of 

hot and cold fluids, respectively,   

1T  and 3T  be the surface temperatures of the composite sphere on hot fluid and cold fluid 

sides, respectively, and 2T  be the temperature at the interface. 

1T
2T Q

hfR
hfT cfT1R 2R

3T
2

1k

2k

cfR

Q
1

2r

3r

1T

2T

3T

hfT

hfh

cfT

cfh

C
o
ld

 f
lu

id

Hot 

fluid

1r

Q

Interface  

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer 

remains constant and it can be given by the following expressions. 

 )(
)(4)(4

)( 3

23

32322

12

21211
1 cfocfhfihf TTAh

rr

TTrrk

rr

TTrrk
TTAhQ 












   

or 

cfo

cf

hfi

hf

hA

TT

rrk

rr

TT

rrk

rr

TT

hA

TT
Q

1

44

1
3

322

23

32

211

12

211 

















      



58 
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Here, various thermal resistances are given as below.  
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From above Equation, we get: 

hfhf QRTT  1 ; 121 QRTT  ; 232 QRTT  ; cfcf QRTT 3   

By adding these expressions, we get: ][ 21 cfhfcfhf RRRRQTT   
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  (i)      

Let iU  be the overall heat transfer coefficient based on inner area and oU  be the overall heat 

transfer coefficient based on outer area. The rate of heat transfer from the hot to cold fluid in terms 

of overall heat transfer coefficient can be written as below. 

 )()( cfhfoocfhfii TTAUTTAUQ    (ii)      

By comparing Equations (i) and (ii), we obtain:  
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Question 34.  A hollow spherical tank is made up of two materials; first with mKWk /80  is 

having inner radius of 50 mm and outer radius of 150 mm and the second with mKWk /15  

forms the outer layer having radius of 200 mm. The outer surface is exposed to cold fluid at 293 K 

with KmWh 2/10 .  If inner surface temperature is maintained at 570 K and there is perfect 

contact between two layers, evaluate (i) the steady rate of heat flow through this tank, (ii) interface 

temperature and (iii) overall heat transfer coefficient based on outer area.   

Solution: Refer below Figure. Let mKWk /801  , mmmr 05.0501  , mmmr 15.01502  , 

mKWk /152  , mmmr 2.02003  , KTcf 293 , KmWh 2/10  and KT 5701  . 
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 WKR /221049.0198944.010842.8013263.0 3    

(i) The steady rate of heat loss from spherical tank can be evaluated as follows.  

 W
R
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cf
116.1253

221049.0
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
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



 (Ans.) 

(ii) The steady rate of heat transfer through the tank can be given as below. 

1

21

R

TT
Q


   

 KRQTT 4.553013263.0116.1253570112   (Ans.) 

(iii) The overall heat transfer coefficient based on outer area can be evaluated as below. 
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 (Ans.) 

Question 35.   A hollow spherical metallic container )/55( mKWk   of inner radius 5 cm and outer 

radius 6 cm is to be covered with two layers of insulating materials ‘A’ and ‘B’ each having a 

thickness of 4 cm. The thermal conductivity of insulating material ‘A’ next to the container is 

mKW /08.0  and that of ‘B’ is mKW /16.0 . Evaluate the steady rate of heat loss and the interface 

temperature between the two layers of insulation when the temperatures of the inner surface of the 

container and outside surface of the insulation are 525 K and 310 K, respectively. If the orders of 

insulating material for the container were reversed, determine the percentage change in heat loss 

with all other conditions remain unchanged. Give your comment. 

Solution Refer below Figure. Let mKWk /551  , mcmr 05.051  , mcmr 06.062  , 

mcmttt BA 04.04  , mKWkA /08.0 , mKWkB /16.0 , KT 5251   and 

KT 3104  . 



60 
 

1k

Ak

2r

3r

1T

3T

1r

1Q 2Q

(a)                                                    (b)  

2T

Bk 4r

4T

1k

Ak

2r

3r

1T

3T

1r

2T

Bk
4r

4T

Interface

A

B A

B

t
t t

t

 

mtrr 1.004.006.023  ; mtrr 14.004.01.034   

Case I: When layer of insulating material ‘A’ is kept inside. Refer Figure (a). 

Since 
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Thus WQ 684.26

14.01.016.0

1.014.0

1.006.008.0

06.01.0

06.005.055

05.006.0

)310525(4
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The interface temperature can be obtained as follows. 
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KT 92.347310
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)1.014.0(684.26
3 
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



 (Ans.) 

Case II: When layer of insulating material ‘A’ is kept outside. Refer Figure (b). 

Since 
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Thus WQ 89.34

14.01.008.0

1.014.0

1.006.016.0

06.01.0

06.005.055

05.006.0

)310525(4
2 




























 (Ans.)  

Since 12 QQ  , therefore, layer of insulating material ‘A’ next to the container decreases the heat 

transfer rate. The percentage decrease in heat transfer rate is obtained as below. 

 %52.23100
89.34

684.2689.34
100

2

12 





Q

QQ
 (Ans.) 

Comment: For the insulation of a spherical container, material with lower thermal conductivity 

should be applied next to the hot surface. 

Question 36. What do you mean by critical radius of insulation? Give examples where this concept is 

applied.  

Answer: Addition of insulation to a plane wall always decreases heat transfer. Since, heat transfer 

area remains constant, thus any addition of insulation always increases the thermal resistance of the 
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wall without increasing the convection resistance. But in the case of a cylinder or sphere the addition 

of insulation increases the conduction resistance but decreases the convection resistance due to the 

increase in surface area for convection. The heat transfer from a cylindrical or spherical wall may 

increase or decrease, depending on which effect dominates. These two opposing effects lead to 

critical thickness of insulation (or an optimum thickness of insulation). The most practical examples 

of such cases are the wires carrying electric currents which generate heat, steam pipes carrying 

steam from a boiler, cylindrical and spherical storage tanks containing hot fluids. 

Question 37. Derive an expression for the critical radius of insulation for cylinders. How it is useful in 

cable industry? 

Answer: Consider a cylindrical pipe surrounded by an insulating layer of thermal conductivity k . Let 

1r  and 2r  be the inner and outer radii of insulation, respectively. Let us assume that the inner 

surface of insulation is maintained at a temperature of 1T  and outer surface is convecting heat to a 

fluid of temperature T  with a convective heat transfer coefficient of h  as shown in below Figure 

(a).  
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The steady heat transfer rate )(Q  through the cylindrical insulation layer is given by:

 

LhrkL

rr

TT

RR

TT

R

TT
Q

cfins

2

12

111

2

1

2

)/ln(













 


     

Here, L  is the length of the pipe, insR  is the conductive thermal resistance of insulation and cfR  is 

the convective thermal resistance to heat flow. 

When 1T , T , 1r , k  and h  have been fixed, the steady rate of heat transfer Q  depends only on 2r . 

As 2r  increases, insR  increases but cfR  decreases. Therefore, Q  is expected to have either a 

maximum or a minimum in relation to its variation with 2r . Maximum heat transfer rate is obtained 

when thermal resistance is minimum. This can be checked mathematically from the values of 

  2/ drRd   and   2

2

2 / drRd  .  

Differentiating the total thermal resistance  R  with respect to 2r  as follows. 
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  (i)      

By putting 0)/( 2  drRd  as the condition for either minimum or maximum, we get:  
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In order to determine whether the above result minimizes or maximizes the total resistance, the 

second derivative is to be evaluated by differentiating Equation (i) as,  
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Substituting )/(2 hkr   in the above equation, we obtain the below result. 
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The second derivative is a positive quantity verifying that )/(2 hkr   represents the condition for 

minimum resistance and consequently, gives the maximum heat flow rate. The value of )/(2 hkr   

is called as the critical radius of insulation which is denoted by cr . Therefore, critical radius of 

insulation for a cylinder (or pipe) can be given by the following equation. 

 
h

k
rc             

The thickness of insulation layer given by )( 1rrc   is called the critical thickness of insulation, at 

which heat loss is maximum )( maxQ . The variation of Q  with outer radius of insulation 2r  is 

illustrated in Figure (b). It can be seen that if crr 2  and insulation is added to the pipe (or cylinder) 

heat loss increases and it reaches a maximum at cr  and starts to decrease for crr 2 .  

This concept of critical radius of insulation is used in electric cable industries. The insulation is 

provided to current carrying electric wires such that the outer radius should be less than cr  or equal 

to cr  to dissipate maximum amount of heat. This insulation on electric wires not only provides 

safety against some grounded surface but also keeps the operating temperature of wire or cable 

steady and within safety limits by dissipating heat at the same rate at which it is generated. 

Question 38. Derive an expression for the critical radius of insulation for spheres.  

Answer: The steady rate of heat transfer )(Q  through the insulation layer provided over a sphere as 

shown in below Figure is given as,  
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We know that for maximum heat flow rate, R  should be minimum. 
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Above Equation gives the critical radius )( cr  for a sphere, therefore, the critical thickness of 

insulation for a sphere )( 1rrc  . 

Question 39. A steam pipe covered with insulating material )/8.0( mKWk   has inner and outer 

diameters as 100 mm and 110 mm, respectively. The inner surface and the surrounding air 

temperatures are 475 K and 295 K, respectively and the external convective heat transfer coefficient 

is KmW 2/8 . Determine (i) the critical radius of insulation, (ii) the critical thickness of insulation, 

(iii) the rate of heat loss from the pipe at the critical radius of insulation for unit length and (iv) the 

outer surface temperature.     

Answer: Refer below Figure. Let mKWk /8.0 , mmd 1001  , mmd 1102  , KT 4751  , 

KT 295 , KmWh 2/8  and  mL 1 . 
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mmmdr 05.0502/1002/11  ; mmmdr 055.0552/1102/22   

(i) The critical radius of insulation for a pipe can be obtained as follows. 

 m
h

k
rc 1.0

8

8.0
  (Ans.)  

(ii) The critical thickness of insulation is given as below. 

mmormrrc 5005.005.01.01   (Ans.) 

(iii) The rate of heat loss from the pipe at the critical radius of insulation is obtained as,
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 (Ans.) 
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(iv) The outer surface temperature )( 2T  can be calculated from the following relation, 

  )(2)( 22   TTLrhTThAQ co   

 KT
Lhr

Q
T

c

3.401295
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2 


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
 (Ans.) 

Question 40.  A 2 mm diameter wire with 1 mm thick layer of insulation )/2.0( mKWk   used in 

an appliance is exposed to surrounding atmosphere )/40( 2KmWh  . Calculate critical radius of 

insulation. What percentage change in heat transfer rate would occur if critical thickness of 

insulation is applied? Assume that temperature difference between surface of the wire and the 

surrounding air remains unchanged.      

Solution Refer below Figure. Let mmd 21  , mmt 1 ,  mKWk /2.0 , KmWh 2/40  and 

TTT  1 . 
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mmmdr 001.012/22/11  ;  mmmtrr 002.021112   

The critical radius of insulation for a wire can be obtained as,  
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  (Ans.)   

Case I: Refer Figure (a). Heat transfer rate through the wire is obtained as,  
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Case II: Refer Figure (b). Heat transfer rate through the wire when critical thickness of insulation is 

applied,  
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Since 12 QQ  , therefore, percentage increase in heat transfer rate when critical thickness of 

insulation is applied can be obtained as,  

 %37.22100
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393542.0481574.0
100

1

12 





Q

QQ
 (Ans.) 
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CHAPTER - 3 

STEADY STATE HEAT CONDUCTION WITH HEAT GENERATION 

 

Question 1. Define internal heat generation. Also give practical cases where it is used. 

Answer: The conversion of electrical, nuclear and chemical energies inside the body is called as 

internal heat generation. It is a volumetric phenomenon, therefore, the rate of heat generation 

)( gq  in a medium is generally specified per unit volume and its units are 3/ mW . Heat generation 

occurs within the system (or body) such as resistance heaters, nuclear reactors, chemical and 

combustion process, drying and setting of concrete.  

Question 2. Give the general solution for temperature distribution for a plane wall made of 

homogeneous and isotropic material with uniform heat generation for 1-D heat conduction (i.e., x -

direction) under steady state. 

Answer: The governing equation for heat conduction in one direction (i.e., x -direction) under 

steady state through a plane wall made of homogeneous and isotropic material with uniform heat 

generation can be given by as, 

0
2

2
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Td g
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k

q

dx

Td g
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Integrating, we get: 1Cx
k

q

dx

dT g
        

Integrating again, we get: 21

2

2
CxCx

k

q
T

g
   

The above equation gives the general solution for temperature distribution in a plane wall with 

uniform heat generation in which 1C  and 2C  are arbitrary constants whose values can be obtained 

with the help of the given boundary conditions.  

Question 3. In one-dimensional heat transfer, derive expressions for temperature distribution within 

the plane wall and prove that the heat generated is equal to the heat loss from the sides when this 

wall is subjected to uniform heat generation and exposed to a fluid at the same temperature on 

both sides.  

Answer: Consider a plane wall of thickness L  with uniform internal heat generation gq  in 
3/ mW  

and constant thermal conductivity k . Let the dimensions of this wall in y - and z -directions are 

comparatively large, so that heat transfer takes place in x -direction only and temperatures on the 

two faces of the wall are maintained at wT  as shown in below Figure. 



66 
 

x

T

0x Lx 

L
wT

Lx 

wT

Wall
gq

k )(xTmaxT

2/Lx   

The general solution for temperature distribution for a plane wall with uniform heat generation is as, 
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      (i) 

Now applying boundary conditions: (i) wTT   at 0x  and (ii) wTT   at Lx  .  

Substituting first boundary condition (b. c.), we get:  
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Now substituting second b. c. and value of wTC 2  in Equation (i), we get:  
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Substituting the values of 1C  and 2C  in Equation (i), we get: 
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Put 0)/( dxdT  as the condition for either maximum or minimum, we have: 
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The second derivative is a negative quantity, therefore, T  has a maximum at 2/Lx  . Equation (ii) 

is quadratic thus the temperature distribution is parabolic in nature and symmetrical about the 

centre plane. By substituting 2/Lx   in Equation (ii) we get the maximum value of temperature as 

below.  
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    (iii) 

Heat transfer takes place from both the surfaces (i.e., 0x  and Lx  ) and is equal. The heat 

transfer rate for each surface is given as follows. 
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  (iv) 

Here, A  is the surface area of the wall normal to the direction of heat flow. 

When both surfaces are considered, the heat transfer rate is given as follows. 

rategenerationheatvolumeqALq
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Q gg 
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2   (v) 

Heat conducted to the wall surface is convected away to the surrounding fluid (or air) at 

temperature aT  with heat transfer coefficient h . Thus from energy balance at each surface, we get: 
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Substituting wT  in Equation (ii) and (iii), we get:  
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Question 4. In one-dimensional heat transfer, derive expressions for temperature distribution within 

the plane wall and rate of heat transfer when the surfaces of this wall are subjected to uniform heat 

generation and exposed to fluids at the different temperatures.  

Answer: Consider a plane wall of thickness L  with uniform internal heat generation gq  in 3/ mW  

and constant thermal conductivity k . Let the heat transfer takes place in x -direction only and the 

two faces of the wall are maintained at a different temperatures 1T  and 2T  as shown in below 

Figure. 
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Below Equation (i) is the general solution for temperature distribution for a plane wall with uniform 

heat generation, 
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      (i) 

The boundary conditions are: (i) 1TT   at 0x  and (ii) 2TT   at Lx  .  

By applying these boundary conditions to Equation (i), we get: 
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Substituting the values of 1C  and 2C in Equation (i), we get: 
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In order to find where the maximum temperature occurs, differentiate Equation (ii) with respect to 

x  and equate to zero. Then put this value of x  in Equation (ii) to get the value of maximum 

temperature )( maxT . If maximum temperature lies inside the wall then heat will transfer to the both 

surfaces. Total heat generated in the wall is, ALqQ g . Part of this heat generated flows to the left 

surface and remaining part flows to the right surface.  

Differentiating Equation (ii), we get: 
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The rate of heat flow from the surfaces at 0x  is given as below. 
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The rate of heat flow from the surfaces at Lx   is given as below. 
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Thus total heat transfer will be equal to the sum of 1Q  and 2Q . 

If maximum temperature is 1T  (i.e., at 0x ) then the heat transfer will be in the direction of 

increasing x  and the total heat transfer will be equal to 2Q  only. In Equation (iv), if 0gq  then, it 

becomes the equation for plane wall without heat generation. 

Question 5. In one-dimensional heat transfer, derive expression for temperature distribution within 

the plane wall when one of the surfaces is exposed to fluid and other surface is insulated.  
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Answer: Consider a plane wall of thickness L  with uniform internal heat generation gq  in 3/ mW  

and constant thermal conductivity k . Let one surface of this wall )0( x  is perfectly insulated and 

the other surface )( Lx   is maintained at a uniform temperature wT  as shown in below Figure. 

Lx 

x

T

Lx 

wT

Wall
gq

k
)(xT

0x

In
su

la
te

d
 f

a
ce

L

 

Below Equation (i) is the general solution for temperature distribution for a plane wall with uniform 

heat generation, 

21

2

2
CxCx

k

q
T

g
      (i) 

The boundary conditions are: (i) 0)/( dxdT  at 0x  and (ii) wTT   at Lx  . 

By applying these boundary conditions to Equation (i), we get: 

01 C  and 
2

.
2

2

L

k

q
TC

g

w    

Substituting the values of 1C  and 2C in Equation (i), we get: 

 
2

.
2

.
22 L

k

q
T

x

k

q
T

g

w

g
      (ii) 

Now 
k

xq

dx

dT g
   

By putting 0)/( dxdT  as the condition for either maximum or minimum, we have: 

 0
k

xqg
 

 0x  

And  
k

q

dx

Td g


2

2

 

The second derivative is a negative quantity, therefore, T  has a maximum at 0x .  

Maximum temperature is given by substituting 0x  in Equation (ii) as, 

 
2

.
2

max

L

k

q
TT

g

w        (iii) 

When heat conducted to the wall surface is convected away to the surrounding fluid at temperature 

aT  with heat transfer coefficient h , from energy balance surface, we get: 
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 )( awg TThAALq   

 
h
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TT
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aw        (iv) 

Substituting wT  in Equations (ii) and (iii), we get: 
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h
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TT

gg

a        

Question 6.  The internal heat generation due to passage of electric current in a 0.1 m thick plate 

)/20( mKWk   is 34 /104.6 mW . If the air temperature is 295 K and the convective heat 

transfer coefficient is KmW 2/25 , determine (i) surface temperature and (ii) maximum 

temperature in the plate.     

Solution: Refer below Figure.  Let mL 1.0 , mKWk /20 , 34 /104.6 mWqg  , KTa 295  

and KmWh 2/25 . 

x

T

0x Lx 

L
wT

Lx 

wTWall
gq

k )(xTmaxT

2/Lx 

h h

aT
aT

 

 (i) The surface temperature can be determined as,  

 KL
h

q
TT

g

aw 4231.0
252

104.6
295

2

4





  (Ans.) 

(ii) The maximum temperature can be determined as,  

 KTL
k

q
T w

g
427423)1.0(

208

104.6

8

2
4

2

max 



  (Ans.) 

Question 7. A heat generating plate of 2 cm thick and 10 cm wide with mKWk /25  is used to 

heat a fluid at 303 K. The heat generation rate in the plate is 35 /105.7 mW  due to passage of 

electric current through it. Determine the convective heat transfer coefficient to maintain the 

temperature of the plate below 453 K. Neglect the heat loss from the edges of the plate.     

Solution: Refer below Figure. Let mcmL 02.02  , mcmb 1.010  , mKWk /25 , 

KTa 303 ,  35 /105.7 mWqg  ,  KT 453max   and h  be the convective heat transfer 

coefficient. 
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x

T

0x Lx 

L
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Lx 
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k )(xTmaxT

2/Lx 

h h

aT
aT

 

Since 









k

L

h

L
qTT ga
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2

max   

Thus 














258

02.0

2

02.0
105.7303453

2
5

h
 

 KmWh 2/5.50  (Ans.) 

Question 8.  A plane wall 0.8 m thick with thermal conductivity of mKW /15  is well insulated on its 

left side while the right side surface is maintained at a uniform temperature of 300oC. It generates 

heat uniformly at a rate of 500 W/m3 when an electric current is passed through it. Determine the 

maximum temperature in the wall and the location of the plane where it occurs.  

Solution: Refer below Figure. Let mL 8.0 , mKWk /15 , KCT o

w 573300   and 

3/500 mWqg  .  
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x
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Maximum temperature )( maxT  can be obtained by using below Equation as, 

 CorK
L

k

q
TT og

w 8.3128.585
2

8.0

15

500
573

2
.

22

max   (Ans.) 

maxT  will occur at the insulated face, i.e., at 0x . (Ans.) 

Question 9. A square cross-section aluminium rod of 4.5 mm side and 1 m length is used to carry 

current between two bus bars which are maintained at 300 K. The lateral surface area of the rod is 

well insulated. The specific resistance and the thermal conductivity of the rod are m 81065.2  

and mKW /237 , respectively. Determine the maximum current the rod can carry if its temperature 

is not to exceed 450 K.     

Solution: Refer below Figure. Let mmmb 0045.05.4  , mL 1 , KTw 300 , 

m 81065.2 , mKWk /237  and KT 450max  .  

Lx 

Insulated surface

L

bwT wTSquare rod

 

Maximum temperature for 1-D heat flow can be given by below Equation as,  
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 w

g
TL

k

q
T  2
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   or  3001
2378

450 2 



gq

 

3/2844002378)300450( mWqg   

 WLbqLAqvolumeqQ gggg 7591.510045.0284400 22   

Also 
A

L
IRIQ eg


 22      or    

2

8
2

0045.0

11065.2
7591.5


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

I  

AI 34.66
1065.2

0045.07591.5
8

2








 (Ans.) 

Question 10.  A 3 cm thick cast iron plate )/55( mKWk   has a uniform internal heat generation 

of 37 /103.3 mW . If end effects are negligible and the temperatures on the surfaces of this plate 

are 435 K and 375 K, determine (i) the temperature distribution across the plate, (ii) the value and 

position of the maximum temperature and (iii) heat flow per unit area from each surface of the 

plate.     

Solution: Refer below Figure. Let mcmL 03.03  , mKWk /55 , 37 /103.3 mWqg  ,  

KT 4351  , KT 3752   and 21 mA  . 

Lx 

x

T

0x Lx 

L

1T

2T

Wall

gqk

)(xT

1Q 2Q

maxT

 

 (i)  
1

12 )(
)(

2
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L
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xL

k

q
T

g








 
   

 435
03.0

)435375(
)03.0(

552

103.3 7








 





 xxT  

23000007000435 xxT   (Ans.) 

(ii)  x
dx

dT
6000007000  

For determining the position of maximum temperature put 0)/( dxdT .  

Thus 06000007000  x  

cmormx 17.10117.0
600000

7000
  (Ans.) 

KT 83.4750117.03000000117.07000435 2

max   (Ans.) 

(iii) The heat flux at the left face )0( x  is given as below. 
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   Wx
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dT
kAQ x

x

5

0

0

1 1085.36000007000155 
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
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
 



 (Ans.) 

The negative sign indicates that heat flow at the left face is in a direction opposite to that of 

measurement of distance, i.e., negative x -direction.  

The heat flux at the right face )03.0( mLx   is given as below. 

   Wx
dx

dT
kAQ x

x

5

03.0

03.0

2 1005.66000007000155 
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

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
 



 (Ans.) 

The positive sign indicates that heat flow at the right face is in the positive x -direction. 

Check: The sum of 1Q  and 2Q  which is equal to W5109.9   must be equal the total heat generated 

per unit area of the plate.  

 WLAqQ gg

57 109.903.01103.3   

Question 11. Give the general solution for temperature distribution for a cylinder made of 

homogeneous and isotropic material with uniform heat generation for 1-D heat conduction (i.e., r -

direction) under steady state. 

Answer: The governing equation for heat conduction in one direction ( r -direction) under steady 

state through cylindrical bodies made of homogeneous and isotropic material with uniform heat 

generation can be given by below Equation as,  
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Integrating, we get: 1
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Integrating again, we get: 21

2

ln
4

CrC
k

rq
T

g
        

The above equation gives the general solution for temperature distribution in a cylinder with 

uniform heat generation in which 1C  and 2C  are arbitrary constants whose values can be obtained 

with the help of the given boundary conditions. 

Question 12. Derive the expressions for temperature distribution and rate of heat conduction for a 

hollow cylinder made of homogeneous and isotropic material with uniform heat generation for 1-D 

heat conduction (i.e., r -direction) under steady state whose both surfaces maintained at constant 

temperatures. 
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Answer: Consider a hollow cylinder of length L  with a uniform internal heat generation rate of 
gq  

in 3/ mW . Let 1r  be the inner radius, 2r  be the outer radius, 1T  be the inner surface temperature, 

2T  be outer surface temperature and k  be the constant thermal conductivity. 

The temperature distribution in a cylinder is given by below Equation as,  
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The constants of integration can be determined by applying the boundary conditions: (i) 1TT   at 

1rr    and (ii) 2TT   at 2rr    as follows. 

Applying first b.c. to Equation (i), we get:  
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Applying second b.c. to Equation (i), we get: 
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Solving equations (ii) and (iii), we get the values of 1C  and 2C  as below. 
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Substituting these values in Equation (i), the temperature distribution becomes, 
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The rate of heat conduction through the cylinder is given as below. 
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Substituting value of 1C , we get: 
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Question 13. Derive the expressions for temperature distribution and rate of heat conduction for a 

solid cylinder made of homogeneous and isotropic material with uniform heat generation for 1-D 

heat conduction (i.e., r -direction) under steady state. 

Answer: Consider a solid cylinder of radius R  and length L  with a uniform internal heat generation 

rate of gq  in 3/ mW . The general solution for temperature distribution in a cylinder is given as, 
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rq
T

g
   (i)  

The boundary conditions are:  

(i) At Rr  , i.e., at the surface, sTT   and  

(ii) Heat generated = Heat lost by conduction at the surface of the cylinder  
From the second boundary condition, we get: 
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   (ii) 

The temperature gradient at the surface can also be obtained by differentiating Equation (i) and 

replacing r  by R  as below. 
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  (iii) 

From the expressions (ii) and (iii), we get: 
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Using first boundary condition and value of 1C  in Equation (i), we get: 
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Substituting values of 1C  and 2C  in Equation (i), we get: 
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It can be observed from Equation (iv) that the temperature distribution is parabolic in nature and the 

maximum temperature )( maxT  occurs at the centre (i.e., at 0r ). 
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From Equations (iv) and (v), the dimensionless form of temperature distribution can be given as 

below.  
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The rate of heat conduction through the cylinder is given as follows. 
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When heat conducted is dissipated to the ambient air or fluid at a temperature aT  with convective 

heat transfer coefficient of h , then we get:  
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By substituting sT  in Equations (iv) and (v), we get:  
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a         (viii) 

k
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Rq
TT
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a
42

2

max         (ix) 

Question 14. One meter long Nichrome heating wire with mKWk /12  and resistivity 

m 6101  is used in a kW10 electric heater. The heat is being dissipated to the surroundings at 

293 K with heat transfer coefficient of KmW 2/1000 . If the maximum surface temperature of the 

heating element is 1300 K, determine (i) the diameter of the wire and (ii) the rate of current flow.     
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Solution: Let mL 1 , mKWk /12 , m 6101 , WkWQ 3101010  , KTa 293 , 

KmWh 2/1000  and KT 1300max  . Let D  be the diameter and I  be the current flowing 

through the wire.  
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Question 15. Derive the expressions for temperature distribution and rate of heat conduction for a 

solid sphere made of homogeneous and isotropic material with uniform heat generation for 1-D 

heat conduction (i.e., r -direction) under steady state. 

Answer: The governing equation for heat conduction in one direction ( r -direction) under steady 

state through a spherical body made of homogeneous and isotropic material with uniform heat 

generation can be given by below equation as,  

 022 







r

k

q

dr

dT
r

dr

d g
        

Integrating, we get: 1

3

2

3
C

k

rq

dr

dT
r

g
  

or 
2

1

3 r

C

k

rq

dr

dT g
     (i)      

Integrating again, we get: 

 2
1

2

6
C

r

C

k

rq
T

g
     (ii) 

Here, 1C  and 2C  are arbitrary constants whose values can be obtained with the help of the given 

boundary conditions. Equation (ii) is the general solution for temperature distribution for a sphere 

with uniform internal heat generation. 
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Consider a solid sphere of radius R  having a uniform heat generation rate within its volume at a 

rate of gq  )/( 3mW . Let sT  be the outer surface temperature and k  be the constant thermal 

conductivity.  

The boundary conditions are:  

(i) 0)/( drdT  at 0r , i.e., at the centre and  

(ii) sTT   at Rr  , i.e., at the surface. 

Using first boundary condition in Equation (i), we get: 01 C  

Using second boundary condition and value of 1C  in equation (ii), we get: 

 
k

Rq
TCC

k

Rq
T

g

s

g

s
66

2

22

2

  

Substituting values of 1C  and 2C  in Equation (ii), we get: 

 )(
666

22

22

rR
k

q
T

k

Rq
T

k

rq
T

g

s

g

s

g
      (iii) 

It can be seen from Equation (iii) that the temperature distribution is parabolic and the maximum 

temperature will occur at the centre, i.e., at 0r  and its value is as follows. 

 2

max
6

R
k

q
TT

g

s          (iv) 

Substitution of 01 C  in Equation (i) gives:  

k

rq

dr

dT g

3
  

Heat transfer due to conduction at the outer surface of the sphere is given as follows. 

 g

g

Rr

qR
k

Rq
Rk

dr

dT
kAQ 





















32

3

4

3
)4(      

Above Equation shows that the heat conducted to the surface is equal to the heat generated within 

the sphere. 

When heat conducted is dissipated to the ambient air or fluid at a temperature aT  with convective 

heat transfer coefficient of h , then we get the below expression. 

)(4
3

4 23

asg TTRhqR    

 
h

Rq
TT

g

as
3

          

By substituting this value of sT  in Equations (iii) and (iv), we get:  
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  )(
63

22 rR
k

q

h

Rq
TT

gg

a          

 2

max
63

R
k

q

h

Rq
TT

gg

a          

Question 16. During the ripening process of oranges the average heat generated is found to be 
2/240 mW . The average size of an orange to be 8 cm assuming as a sphere with thermal 

conductivity of mKW /2.0 . If the outer surface of the orange is at 280 K, determine the 

temperature at its centre. Also evaluate the heat flow from the outer surface of the orange.   

Solution: Let 2/240/ mWAQ  , mcmD 08.08  , mKWk /2.0  and KTs 280 .  

 mDR 04.02/08.02/   

Since 
34

)3/4(
2

3 Rq

R

Rq

A

volumeq

A

Q ggg











 

 
3/18000

04.0

2403)/(3
mW

R

AQ
qg 





  

Using below Equation, we get: 

 K
k

Rq
TT

g

s 304
2.06

04.018000
280

6

22

max 



  (Ans.) 

Since Heat conducted = Heat generated 

 WqRQ g 825.41800004.0
3

4

3

4 33    (Ans.) 

Question 17. Heat generation rate in a solid sphere of radius 6 cm is 36 /102.4 mW . The outer 

surface is surrounded by a fluid at 420 K having a heat transfer coefficient of KmW 2/800 . If 

thermal conductivity of the sphere is mKW /25 , determine (i) temperature at 4 cm radius and (ii) 

maximum temperature.   

Solution: Let mcmR 06.06  , 36 /102.4 mWqg  , KTa 420 , KmWh 2/800 , 

mKWk /25  and mcmr 04.04  .  

(i) )(
63

22 rR
k

q

h

Rq
TT

gg

a    

 KT 581)04.006.0(
256

102.4

8003

06.0102.4
420 22

66










  (Ans.) 

(ii)  2

max
63

R
k

q

h

Rq
TT

gg

a    
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KT 8.625
256

06.0102.4

8003

06.0102.4
420

266

max 








  (Ans.) 

Question 18. What do you mean by fins? By design consideration name and discuss the law which 

governs rate of heat transfer from the fins.  

Answer: The extended surfaces also called as fins are generally the thin metal strips made of highly 

conductive materials such as aluminium, copper, brass, etc. With the attachment of fins the effective 

heat transfer area on a solid surface increases thereby the rate of heat transfer may increase 

manifold. Fins are attached to the base material by pressing, soldering or welding. In some cases, 

fins may also be made integral parts of the base material by casting or extruding process. 

The rate of convection heat transfer from a solid surface at a temperature sT  to the surrounding 

fluid (gas or liquid) at a temperature T   is given by the Newton’s law of cooling as, 

)(  TThAQ s . Here, h  is the convective heat transfer coefficient and A  is the surface area 

through which heat transfer takes place. Generally, by design considerations the temperature 

difference )( TTs  is fixed, therefore, the heat transfer rate can be increased either by increasing 

the convective heat transfer coefficient h  or by increasing the surface area A . The value of h  can 

be increased by forced convection mode using a pump, fan or a blower that may not be feasible and 

economical. Thus, increase in the surface area A  is the only way to increase the heat transfer rate. 

This can be accomplished by attaching extended surfaces to the base surface.  

Question 19. What are the most common types of fins? Also give some of the practical application 

areas of fins.  

Answer: As per the requirements, fins are manufactured in different forms that may be of uniform 

or non-uniform (variable) cross-sections. The most common types of fins shown in below Figure are: 

(a) A straight fin of uniform cross-section, (b) A straight fin of non-uniform cross-section, (c) A pin fin 

(or spine) of uniform cross-section (d) A pin fin of non-uniform cross-section (e) An annular (or 

circular) fin  which circumferentially attaches to a cylinder. 

cR

cT
fR

sT

Cladding

Fuel 

rod
fk

fT

ck

cT
fT

sT

Temperature 

profileT

r

(a)                  (b)               (c)              (d)     (e)  

Some of the practical application areas of fins are: (i) Air cooling of IC engines such as in scooters and 

motorcycles (refer below Figure), (ii) Cooling of air compressors, electric motors and transformers, 

(iii) Cooling of electronic equipments, (iv) Radiators for automobiles, heat exchangers and 

condensing coil of refrigerators.  

Fins

Inlet Exhaust

Cylinder

Cylinder head

 

The temperature distribution in a fin can be obtained by considering the fin as a metallic plate 

attached at its base to a heated wall and transferring heat to a fluid by convection. It depends on the 

properties of its material and the surrounding fluid. The heat flow through a fin is by conduction. 

Generally, a fin is thin, therefore, heat conduction through it can be considered one-dimensional.  
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Question 19. Derive an expression for the governing differential equation for the fin of uniform 

cross-section. Also give the assumptions made during heat conduction analysis through a fin. 

Answer: The various assumptions made during heat conduction analysis through a fin are: (i) Heat 

conduction through the fin is one-dimensional and steady, (ii) No heat generation within the fin, (iii) 

Thermal conductivity )(k  of the fin material is constant, (iv) The convective heat transfer coefficient 

)(h  over the entire fin surface is uniform, (v) There is no contact thermal resistance between the fin 

and base material, and (vi) Radiation heat transfer is negligible.       

Below Figure shows fins of uniform cross-sections protruding from a wall surface. Figure (a) shows a 

rectangular fin and Figure (b) shows a pin fin of uniform cross-section. Let L  be the length, b  be the 

width and t  be the thickness of the rectangular fin. The other characteristic dimensions of the fins 

are its constant cross-sectional area btAc   and perimeter )(2 tbP  . Let oT  be the base 

temperature of fin, T  be the temperature of surrounding fluid and h  be the convective heat 

transfer coefficient. The cross-sectional area and perimeter of a pin fin of diameter D  are 
2)4/( DAc   and DP  , respectively. 

W
al

l

x
dx

oT

b

t

y

0x

L

xQ dxxQ 

convQ
btAc 

Th,
)(2 tbP 

(a) Rectangular fin                                   (b) Pin fin

W
al

l

oT
D

L

DP 

Th,

Ele
m

en
t

2)4/( DAc 

 

For determining the governing differential equation for the fin, applying energy balance to an 

infinitesimal element of the fin of length dx  at a distance x  from the base surface as shown in 

Figure (a).  

Heat conducted in the element at x  is given by Fourier’s law as below. 

 
dx

dT
kAQ cx    

Heat conducted out from the element at dxx   is given as below. 

 dx
dx

Td
kA

dx

dT
kAdxQ

dx

d
QQ ccxxdxx 2

2

)(    

Heat convected from the surface of the element to the surrounding is given by Newton’s law of 

cooling as below. 

 ))(()(   TTPdxhTThAQconv  

Here, the temperature T  of the fin is assumed uniform for the infinitesimal element. 

Thus energy balance for the element gives: 

 convdxxx QQQ     
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))((
2

2

 TTPdxhdx
dx

Td
kA

dx

dT
kA

dx

dT
kA ccc  

0))((
2

2

 TTPdxhdx
dx

Td
kAc  

0)(
2

2

 TT
kA

hP

dx

Td

c

 

0)(2

2

2

 TTm
dx

Td
        (i) 

Here 
ckA

hP
m 2  or 

ckA

hP
m         (ii) 

Now defining the excess temperature   as follows, 

  TT  

Since surrounding temperature T  is constant, thus by differentiation, we get:  

 
dx

dT

dx

d



 and  

2

2

2

2

dx

Td

dx

d



 

Thus Equation (i) becomes, 

 02

2

2

 


m
dx

d
        (iii) 

Equation (iii) is the governing differential equation for the fin of uniform cross-section which 

describes the temperature as a function of x  and m . The general solution of this linear 

homogeneous, second order ordinary differential equation can be given in the following form. 

  mxmx eCeC  21         (iv) 

The constants 1C  and 2C  can be determined by using two relevant boundary conditions.  

Question 21. Derive expressions for temperature distribution and rate of heat transfer for infinitely 

long fin. 

Answer: The governing differential equation for the fin of uniform cross-section which describes the 

temperature as a function of x  and m  is given as,  

 02

2

2

 


m
dx

d
, where, 

ckA

hP
m 2  or 

ckA

hP
m        

The general solution of this linear homogeneous, second order ordinary differential equation can be 

given in the following form. 

  mxmx eCeC  21   (i)        
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When fin is very long, the temperature at the tip of the fin (i.e., at Lx  ) becomes equal to that of 

the surrounding fluid. The constants 1C  and 2C  can be determined by using below boundary 

conditions.  

(i)  oTT   at 0x ;   TTTT o  at 0x ; o   at 0x  

(ii)   TT  at   Lx ;    TTTT  at  x ; 0  at x  

Substitution of first boundary condition in Equation (i) gives: 

 21 CCo      (ii) 

Using second b. c. in above Equation gives:   mm eCeC 210  

Since 02 meC , the equality is valid only when 01 C , 01 C      

From Equations (ii), we get: oC 2  

Substituting the values of 1C  and 2C  in Equation (ii), we get:  

mx

oe
  or mx

oo

e
TT

TT 



 








  (iii) 

Equation (iii) gives the temperature distribution in an infinitely long fin of uniform cross-section 

along its length. This exponential temperature distribution is shown in Figure (a) from which it can 

be seen that the temperature drops rapidly near the base of the fin and progressively reaches the 

ambient temperature at some length. It means most of the heat is dissipated near the base of the fin 

and the area near the fin tip makes little or no contribution to heat transfer to the extent as the 

lateral area near the base of the fin. Therefore, increase in length of the fin beyond a certain limit 

results in excessive weight, wastage of material and increased size and thus increased cost with no 

benefit in return. A tapered fin will be a better choice since its lateral surface area is more near the 

base which results in increased heat dissipation rate. The dependence of dimensionless temperature 

given by Equation (iii) along the length of the fin for different values of parameter m  is shown in 

Figure (b). This plot shows that temperature is inversely proportional to the values of parameter m , 

i.e., higher the value of m  lower be the temperature at a distance x  from the base of the fin. 

x

Temperature 

distribution

T

oT

T
x

1m

2m

3m

321 TTT 







TT

TT

o

0
0

1T

2T

3T

321 mmm 

(a)                                                   (b)  

Convective heat loss from the entire fin is given as follows. 

 )(
0




 TThPdxQ          

But mx

o eTTTT 

  )(   [From Equation (iii)] 
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Thus 










 
00

)()( dxeTThPeTThPdxQ mx

o

mx

o  

hP

kA
TThP

m
TThPQ c

oo   )(
1

)(  

ococ hPkATThPkAQ   )(      (iv) 

Above Equation gives the rate of heat transfer through the fin.  

Alternatively: From Equation (iii), we get: 

 




  TeTTT mx

o )(    

 mx

o eTTm
dx

dT 









)(  (Differentiating) 

The rate of heat flow across the base of the fin is given by Fourier’s law as follows. 

   )()(
0

0

















 TTmkAeTTmkA

dx

dT
kAQ ocx

mx

oc

x

c  

Substituting value of ckAhPm / , we get: 

 ococo

c

c hPkATThPkATT
kA

hP
kAQ   )()(  

The above expression for rate of heat conduction is same as Equation (iv). 

Question 21. Derive expressions for temperature distribution and rate of heat transfer for a finite 

long fin with insulated tip. 

Answer: The governing differential equation for the fin of uniform cross-section which describes the 

temperature as a function of x  and m  is given as,  

 02

2

2

 


m
dx

d
, where, 

ckA

hP
m 2  or 

ckA

hP
m        

The general solution of this linear homogeneous, second order ordinary differential equation can be 

given in the following form. 

  mxmx eCeC  21   (i) 

mxmx emCemC
dx

d  21


 (ii)        

The constants 1C  and 2C  can be determined by using below boundary conditions. 

(i) oo TT     at 0x ; (ii) 0
dx

d
 at  Lx   
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Applying 1st b.c. to Eq. (i), we get: 21 CCo   (iii)   

Applying 2nd b.c. to Eq. (ii), we get: mLmLmL eCCeCemC 2

12210     

Substituting this value of mLeCC 2

12   in equation (iii), we get: 

 
)1(

)1(
21

2

1

2

11 mL

omLmL

o
e

CeCeCC





  

Thus  
1)1( 2

2

22






 mL

omL

mL

o

e
e

e
C


 

Substituting the values of 1C  and 2C  in equation (i), we get: 

 

























 1111 2222 mL

mx

mL

mx

o

mx

mL

omx

mL

o

e

e

e

e
e

e
e

e



  














































mLmL

xLm

mLmL

Lxm

mL

mx

mL

mL

mL

mx

mL

mL

o ee

e

ee

e

e

e

e

e

e

e

e

e )()(

22 )1()1(


 




































mLmL

xLmxLm

mLmL

xLmLxm

o ee

ee

ee

ee )()()()(




 

Since 
2

)(cosh
)()( xLmxLm ee

xLm
 

  and 
2

cosh
mLmL ee

mL


  

mL

xLm

TT

TT

oo cosh

)(cosh 














 

Now  
mL

xLm
TTTT o

cosh

)(cosh
)(


   

Thus )(
cosh

)(sinh
)( m

mL

xLm
TT

dx

dT
o 


   

 mLTTm
dx

dT
o

x

tanh)(
0













 

The rate of heat flow from the fin is given as, 

  mLTTmkA
dx

dT
kAQ oc

x

c tanh)(
0













  

 mLTTmkAQ oc tanh)(   

Substituting value of ckAhPm / , we get: 

mLTThPkAQ oc tanh)(   



86 
 

Question 22. Derive expressions for temperature distribution and rate of heat transfer for a finite 

long fin dissipating heat at its tip by convection. 

Answer: The governing differential equation for the fin of uniform cross-section which describes the 

temperature as a function of x  and m  is given as,  

 02

2

2

 


m
dx

d
, where, 

ckA

hP
m 2  or 

ckA

hP
m        

The general solution of this linear homogeneous, second order ordinary differential equation can be 

given in the following form. 

  mxmx eCeC  21   (i) 

mxmx emCemC
dx

d  21


 (ii)        

The constants 1C  and 2C  can be determined by using below boundary conditions. 

(i) oo TT     at 0x    

(ii) The fin is losing heat at the tip, i.e., heat conducted at the fin at Lx   equals heat convected 

from the end to the surroundings. Also at the tip of the fin AAA sc  . Therefore, 

k

h

dx

dT
TThA

dx

dT
kA

Lx











 



)(   at Lx   

or  
k

h

dx

d 
  at Lx    (iii)  










dx

dT

dx

d
  

Using first b.c. in equation (i), we get: 1221 CCCC oo    

From 1st b.c., 2nd b.c. and expression (iii), at Lx  , we have, 

  mLmLmLmL eCeC
k

h
emCemC   2121  

 mL

o

mLmL

o

mL eCeC
km

h
eCeC   )()( 1111    ][ 12 CC o   
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Now substituting the values of 1C  and 2C  in expression (i), we get: 
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The rate of heat flow from the fin is given as, 
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Substituting value of ckAhPm /  and rearranging, we get: 
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CHAPTER - 7 

HEAT EXCHANGER 

 

 

Question 7.1. Define a heat exchanger. Give its examples and applications. 

Answer: A thermal device used to exchange of heat between two fluids at different temperatures is 

called a heat exchanger, e.g., boiler, condenser and radiator. Heat exchangers find applications in 

refrigerating and air-conditioning systems, power plants, food processing systems, chemical reactors 

and aeronautical (or space) devices.  

Question 7.2. What do you mean by direct and indirect contact heat exchangers? Briefly explain 

with examples. 

(i) Direct contact heat exchangers: A direct contact heat exchanger is a device in which hot and cold 

fluids come in direct contact thereby heat transfer occurs. Here, fluids will be in different states such 

as one fluid is in gaseous state (steam) and other is in liquid state, e.g., cooling towers, jet 

condensers and open feed water heaters. 

  

Steam 

(gaseous state) 

Direct contact heat exchanger 

Hot 

water

out 

Cold water in

Non-condensable gases

 

(ii) Indirect contact heat exchangers: An indirect contact heat exchanger is a device in which hot and 

cold fluids do not come in direct contact and are separated by a wall through which heat transfer 

takes place. Such heat exchangers are also called as recuperators. The separating wall may be a 

simple plane wall or a tube or a configuration involving fins, baffles and multiple passes of tubes. The 

indirect contact heat exchangers also include surface heat exchangers and regenerators.  

When the hot and cold fluids are separated by double pipe arrangement (or concentric tube) it is 

called double pipe heat exchanger or concentric tube heat exchanger. 

Hot 

fluid 

in

Hot 

fluid 

out

Cold fluid in

Cold fluid out

Surface heat 

exchanger
Regenerator

Double pipe 

heat exchanger

Indirect contact heat exchangers

(Recuperators)

 

In regenerators same space is used alternately by hot and cold fluids between which heat is 

exchanged. It generally operates periodically. Heat absorbed during the flow of hot fluid by the walls 

of the heat exchanger is transferred to the cold fluid when it is made to flow through the heat 

exchanger after the flow of hot fluid. A regenerator finds application in preheaters for steam power 

plants. 

Question 7.3. Give the classification of heat exchanger as per flow arrangements of fluids. 
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Answer: According to flow arrangements of fluids (or direction of fluids) heat exchangers are given 

below.  

(i) Parallel flow heat exchanger: In a parallel flow heat exchanger, hot and cold fluids flow in the 

same direction. The temperature difference )( T  of the fluids is maximum at its inlet and minimum 

at the outlet and it keep on decreasing in the flow direction. 

1 2
LorA

1T 2T

ihT ,

ohT ,

icT ,

ocT ,

T

Hot fluid in, Hot fluid out, 

Cold fluid in, Cold fluid out, 

ihT , ohT ,

icT , ocT ,

Hot fluid

Cold fluid

Parallel flow heat exchanger 

icih TTT ,,1  ocoh TTT ,,2 

 

 

(ii) Counter flow heat exchanger: In a counter flow heat exchanger, hot and cold fluids flow in the 

opposite directions. The inlet of hot fluid and outlet of cold fluid is at one end while the outlet of hot 

fluid and inlet of cold fluid is at other end of the heat exchanger. The temperature difference )( T  

of the fluids remains almost constant for the whole length )(L  of the heat exchanger. 

Hot fluid in, Hot fluid out, 

Cold fluid in, Cold fluid out, 

ihT , ohT ,

icT ,ocT ,

1
2

LorA

1T

2T

ihT ,

ohT ,

icT ,

ocT ,

T

Hot fluid

Cold fluid

Counter flow heat exchanger 

ocih TTT ,,1 

icoh TTT ,,2 

 

(iii) Cross-flow heat exchanger: In a cross-flow heat exchanger the hot and cold fluids generally flow 

at right angle to each other.   

Hot fluid in Hot fluid out 

Cold fluid in 

Counter flow heat exchanger 

Hot fluid in Hot fluid out 

Cold fluid out 

Cross-flow heat exchanger

Baffles 

 

Question 7.4. Define evaporator and condenser. 

Answer: Depending on the physical state of the fluids the heat exchangers are namely evaporator 

and condenser. One of the fluids flowing through these heat exchangers changes phase.   
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(i)  Evaporator: In an evaporator, cold fluid evaporates at constant temperature (provided pressure 

remains constant) while the temperature of hot fluid decreases from inlet to outlet. 

(i)  Condenser: In a condenser, hot fluid condenses at constant temperature (provided pressure 

remains constant) by transferring the heat (latent heat) to the cold fluid. The temperature of cold 

fluid increases from inlet to outlet. 

L

ihT ,

ohT ,

icT , ocT ,

T

Hot fluid

Cold fluid

Evaporator 

ihT ,
ohT ,

icT ,

ocT ,

T
Hot fluid

Cold fluid

Condenser1 2 1 2
L

 

Question 7.5. Briefly explain shell and tube heat exchanger and its types. 

Answer: In a shell and tube heat exchanger, one of the fluids is passed through a bundle of tubes 

enclosed by a shell. The other fluid flows through the shell which flows over the outside surface of 

tubes. Here, clod fluid passes through the tubes (also called tube fluid) and hot fluid flows through 

the shell (also called shell fluid). Baffles are used to guide the flow of fluid in the shell and it also 

generates turbulence in the flow which causes better heat transfer due to increased heat transfer 

coefficient. These heat exchangers are commonly used because they can be constructed with large 

heat transfer surfaces in relatively small volume. These are suitable for heating, cooling, evaporating 

or condensing applications 

Cold fluid 

in

Baffle 

plate

Cold fluid 

out

Tube

plate Shell

Hot fluid in

Tubes

Cover 

head

Hot fluid out

Shell and tube heat exchanger  

When the two fluids flow through the heat exchanger only once, it is called single pass but when 

both fluids passes through the heat exchanger more than once it is called multi-pass heat exchanger.  

One shell and two tube pass and two-shell four tube pass are some of the multi-pass flow heat 

exchangers.  

Shell 

fluid 

in

Shell fluid out

One shell two tube-pass heat exchanger 

Tube fluid in

Tube fluid out

Tube 

fluid 

out

Tube 

fluid 

in

Shell fluid in

Shell fluid out

Two shell four tube-pass heat exchanger 

Baffles
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Question 7.6. List the variables involved in heat transfer analysis? What do you mean by logarithmic 

mean temperature difference (LMTD).  

Answer: The main variables involved in the thermal analysis of a heat exchanger are inlet fluid 

temperature ( iT ), outlet fluid temperature ( oT ), the overall heat transfer coefficient (U ), total 

surface area for heat transfer ( A ) and the total heat transfer rate ( Q ). Let subscripts h  denotes the 

hot fluid, c  denotes the cold fluid, i  denotes the fluid at inlet, and o  denotes the fluid at outlet of 

the heat exchanger. The hot fluid transfers a part of its energy to the cold fluid. Therefore, enthalpy 

of the cold fluid increases and there will be a corresponding decrease in enthalpy of the hot fluid as 

given below. 

)()( ,,,, ohihhohihhh TTCTTcmQ          

 )()( ,,,, icoccicoccc TTCTTcmQ          

Here, hm = mass flow rate of hot fluid in skg / , cm = mass flow rate of cold fluid in skg / , hc = 

specific heat of the hot fluid in KkgJ ./ , cc = specific heat of the cold fluid in KkgJ ./ , hhh cmC   is 

the heat capacity (or heat capacity rate) of hot fluid and ccc cmC   is the heat capacity (or heat 

capacity rate) of cold fluid. 

The temperature difference between the hot and cold fluids ch TTT   varies with position in 

the heat exchanger, therefore, the actual rate of heat transfer will be given by the expression, 

mTUAQ  . Here, mT  is the appropriate mean temperature difference across the heat exchanger 

structure.  

For parallel and counter flow heat exchangers this mean temperature difference will be having 

logarithmic relation, and can be given by lmT (log mean temperature difference or LMTD). 

Therefore, the total heat transfer rate between the hot and cold fluids can be calculated by using the 

below equation.  

)(LMTDUATUAQ lm           

Question 7.7. Give the assumptions for the analysis of LMTD for parallel and counter flow heat 

exchangers.  

Answer: For parallel and counter flow heat exchangers the logarithmic mean temperature difference 

(LMTD) analyses are described by considering the below assumptions. 

(i) The flow conditions are steady, (ii) The overall heat transfer coefficient (U ) is constant 

throughout the heat exchanger, (iii) The specific heats of both the fluids are constant, (iv) The 

potential and kinetic energies changes are negligible, (v) The heat exchanger is perfectly insulated, 

i.e., no heat loss to the surroundings, (vi) Axial conduction along the tube is negligible and (vii) There 

is no change of phase either of the fluid during the heat transfer. 

Question 7.8. Derive an expression for LMTD for a parallel flow heat exchanger. 

Answer: The LMTD method is preferred in evaluating the performance of a heat exchanger when the 

inlet and outlet temperatures of the fluids are either known or can be easily determined. Figure 

shows variation of temperatures of the hot and cold fluid streams in a parallel flow double pipe heat 

exchanger along its length.   
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1 2
LorA

1T 2TT

hT

cT

hdT

cdT

ihT ,

ohT ,

icT ,

ocT ,

T

dA

dQ

Parallel flow heat exchanger 

Hot 

fluid

Cold

fluid

icih TTT ,,1 

ocoh TTT ,,2 

 

The heat transfer between the cold and hot fluids for an elementary area dA  is given by, 

TUdATTUdAdQ ch  )(         

The temperature of hot fluid decreases and that of cold fluid increases along the length of heat 

exchanger )(L . The hot fluid is cooled by hdT  and the cold fluid is heated by cdT , therefore, 

negative and positive signs are shown in below equations.  

The energy balance to differential element between hot and cold fluids gives, 

h

hhhhhh
C

dQ
dTdTCdTcmdQ         

 
c

cccccc
C

dQ
dTdTCdTcmdQ          

Since, ch TTT    

Thus, ch dTdTTd  )(  (differentiating)    

Substituting values of hdT  and cdT , we get,  









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chch CC
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)(       

Substituting TUdAdQ   in above equation, we get, 


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
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ch CC
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


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
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Integrating the above expression from the inlet section 1 to exit section 2, we get, 
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
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We know that, 
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Substituting the values of hC and cC  in above equation, we get, 
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TT
UAQ 






)/ln(

)(
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
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Here icih TTT ,,1   and ocoh TTT ,,2    

Question 7.9. Derive an expression for LMTD for a counter flow heat exchanger. 

Answer: Below Figure shows the variation of temperatures of the hot and cold fluid streams in a 

counter flow double pipe heat exchanger along its length. Here, hot and cold fluids flow in opposite 

direction, therefore the outlet temperature of cold fluid may exceed the outlet temperature of hot 

fluid.  
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The temperature of hot and cold fluids decrease along the length of heat exchanger )(L . Applying 

the energy balance to differential element, we get: 

h

hhhhhh
C

dQ
dTdTCdTcmdQ         
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c

cccccc
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dTdTCdTcmdQ       

 ch TTT   

ch dTdTTd  )(          

Substituting values of hdT  and cdT , we get,  
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The heat transfer between the cold and hot fluids for an elementary area dA  is given as 

TUdATTUdAdQ ch  )( . Substituting this value of dQ in above equation, we have,  
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Integrating the above expression from the inlet section 1 to exit section 2,  
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We know that, 
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Substituting the values of hC and cC in above equation,  
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Or lmTUA
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Here,  ocih TTT ,,1   and icoh TTT ,,2   

The LMTD for a counter flow heat exchanger is always greater than that for a parallel flow heat 

exchanger. Therefore, counter flow heat exchanger transfers more heat than a parallel flow heat 

exchanger. In other words, a counter flow heat exchanger needs a smaller heating surface area for 

the same rate of heat transfer, hence it is generally preferred. 

Note: In a case when 21 TT  , then LMTD from above equation become indeterminate. 

Therefore, in such a situation, LMTD becomes average of the inlet and outlet temperature 

difference.  

That is, 
2

)( 21 TT
LMTDTlm


  

Question 7.10. Derive the overall heat transfer coefficient for a double pipe heat exchanger. Also 

define fouling and its effect on overall heat transfer coefficient.  

Answer: Here, various thermal resistances are given as below.  

hfihfi
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 ; 

kL

rr
R io

2

)/ln(
1  ; 
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R
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  

Under steady state conditions, the rate of heat transfer from the hot to cold fluid through each layer 

of the exchanger remains constant and it can be given as, 
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Thus hfhf QRTT  1 ; 121 QRTT  ; cfcf QRTT 2   

Adding these expressions, we get: ][ 1 cfhfcfhf RRRQTT   
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The rate of heat transfer from the hot to cold fluid can be written as below. 

 )( cfhf TTUAQ          

Here, U  is the overall heat transfer coefficient and A  is the area normal to the direction of heat 

flow. For a hollow cylinder the area varies with radius. Therefore, it becomes necessary to specify 

the area on which U  is based. iU  is the overall heat transfer coefficient based on inner area and 

oU  is the overall heat transfer coefficient based on outer area.  

Thus )()( cfhfoocfhfii TTAUTTAUQ         

or )(2)(2 cfhfoocfhfii TTLrUTTLrUQ         

The heat transfer rate is given by, 
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The heat transfer rate is given by, 
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Question 7.11. Define fouling and fouling factor. Also give the expressions for finding the overall 

heat transfer coefficient when fouling is considered for a double pipe heat exchanger.  

Answer: The deposit (rust, scale, slit or cake) formed on the heat transfer surface of the heat 

exchangers is called fouling. Fouling increases the thermal resistance, thus decreases the heat 

transfer rate. Fouling factors F  is introduced to include the effect of fouling. iF  and oF  are the 

fouling factors based on inner and outer areas, respectively.  

Fouling factors are determined experimentally by testing the heat exchanger in both the clean and 

dirty conditions as, 
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cleandirty UU

F
11

  

Scale resistance due to fouling is given by,        
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The heat transfer rate is given by,  
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The heat transfer rate is given by,  
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In case the tube is thin walled and thermal resistances due to tube wall thickness and fouling are 

neglected, then overall heat transfer coefficient becomes, 

 
]/1/1[

1

cfhf

oi
hh

UUU


  

Question 7.12. A parallel-flow double pipe heat exchanger uses hot oil having specific heat of 1.5 

kJ/kg oC to heat water at the rate of 9000 kg/h. The oil enters the heat exchanger at 185 oC and 

leaves at 135 oC. The inlet and exit temperatures of water are 35 oC and 85 oC, respectively. Take 

specific heat of water as 4.2 kJ/kg oC. If overall heat transfer coefficient from oil to water is 800 

W/m2 oC, determine the heat transfer area. Also find the increase or decrease in area if the fluids 

were made to flow in counter direction. 

Solution Let CkgkJc o

h /5.1 , skgmc /5.23600/9000  , CT o

ih 185,  , CT o

oh 135,  , 

CT o

ic 35,  , CT o

oc 85,  , CkgkJc o

c /2.4  and  CmWU o2/800 . 
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1
2 LorA

1T

2T

ihT ,

ohT ,

icT ,

ocT ,

T

Hot oil

Cold water

Counter flow heat exchanger 

1 2 LorA

1T 2T

ihT ,

ohT ,

icT ,

ocT ,

T

Parallel flow heat exchanger 

Hot oil

Cold water

 

(i) For parallel-flow heat exchanger  

CTTT o

icih 15035185,,1   and CTTT o

ocoh 5085135,,2   

 C
TT

TT
LMTDT o

lm 024.91
)50/150ln(

)50150(

)/ln(

)(

21

21 






  

lmTUAQ   

lmicoccc TUATTcm  )( ,,
  

024.91800)3585(102.45.2 3  A  

221.7 mA   (Ans.) 

(ii) For counter-flow heat exchanger  

CTTT o

ocih 10085185,,1   and CTTT o

icoh 10035135,,2   

C
TT

LMTDT o

lm 100
2

100100

2

21 





  

Now lmTUAQ   

lmicoccc TUATTcm  )( ,,
  

100800)3585(2.45.2  A  

 25625.6 mA    

%98.8100
21.7

5625.621.7
areainDecrease 


  (Ans.) 

Question 7.13. The flow rates of hot and cold water streams flowing through a parallel-flow heat 

exchanger are 0.25 kg/s and 0.5 kg/s, respectively. The inlet temperatures of the hot and cold water 

are 80 oC and 25 oC. The exit temperature of hot water is 45 oC. If the heat transfer coefficients on 

hot and cold sides are 650 W/m2 oC and 640 W/m2 oC, respectively, calculate the area of the heat 

exchanger. Take specific heat of water as 4.186 kJ/kg oC. 

Solution Let skgmh /25.0 , skgmc /5.0 , CT o

ih 80,  ,  CT o

ic 25,  , CT o

oh 45,  , 

CmWh o

fh

2

, /650 , CmWh o

fc

2

, /640  and CkgkJcc o

ch /186.4 . 

The heat transfer rate is calculated as, 
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sJTTcmQ ohihhh /5.36627)4580(10186.425.0)( 3

,,    

1 2 LorA

1T 2T

ihT ,

ohT ,

icT ,

ocT ,

T

Parallel flow heat exchanger 

Hot water

Cold water

 

First to calculate outlet temperature of cold water as below, 

 Heat lost by hot water = Heat gained by cold water  

 )()( ,,,, icocccohihhh TTcmTTcm    

)25(10186.45.0)4580(10186.425.0 ,

33  ocT  

CT o

oc 5.42,   

For parallel-flow heat exchanger  

CTTT o

icih 552580,,1   and CTTT o

ocoh 5.25.4245,,2   

 C
TT

TT
LMTDT o

lm 98.16
)5.2/55ln(

)5.255(

)/ln(

)(

21

21 






  

The overall heat transfer coefficient becomes, 

 CmW
hh

U o

cfhf

2/48.322
]640/1650/1[

1

]/1/1[

1






  

Now lmTUAQ   

269.6
98.1648.322

5.36627
m

TU

Q
A

lm







  (Ans.) 

Question 7.14. The data for a shell and tube parallel flow heat exchanger to heat the air in the tube 

by hot exhaust gases flowing in the shell is given as: Thermal conductivity of the tube wall is 350 

W/m oC, Heat transferred per second is 43.2 kJ/s, Inside and outside heat transfer coefficients are 

125 and 200 W/m2 oC, respectively, Inlet and outlet temperature of the hot fluid are 455 and 255 oC, 

respectively, Inlet and outlet temperature of the cold fluid are 65 and 125 oC, respectively, Inside 

and outside diameters of the tube are 60 and 80 mm, respectively. Evaluate the length of the tube 

required for the necessary heat transfer to occur. 

Solution Refer Figure in the above question.  

Let CmWk o/350 ,  skJQ /2.43 , CmWh o

fc

2

, /125 , CmWh o

fh

2

, /200 , 

CT o

ih 455,  , CT o

oh 255,  , CT o

ic 65,  , CT o

oc 125,  , mmmdi 06.060   and 

mmmdo 08.080  . 
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mdr ii 03.02/   and mdr oo 04.02/   

Let ''L be the length of each tube in meter which is to be determined. 

For parallel-flow heat exchanger  

CTTT o

icih 39565455,,1   and CTTT o

ocoh 130125255,,2   

 C
TT

TT
LMTDT o

lm 45.238
)130/395ln(

)130395(

)/ln(

)(

21

21 






  

The overall heat transfer coefficient based on outer surface of the inner tube is given by, 

Since 
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CmWU
o

o

2/03.68

125

1

03.0

04.0
ln

350

04.0

200

1

03.0

04.0

1










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







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Now lmolm TLdUTUAQ  )(  

m
TdU

Q
L

lmo

6.10
45.23808.003.68

102.43 3











 (Ans.) 

Question 7.15. The water flows through the inner pipe of a parallel flow heat exchanger which is 

heated from 20 oC to 70 oC. The hot oil flowing through the annulus is cooled from 200 oC to 100 oC. 

It is desired to heat the water to a highest possible exit temperature by increasing the length of the 

heat exchanger. Evaluate the maximum temperature to which the water may be heated.  

Answer: Let CT o

ic 20,  , CT o

oc 70,  , CT o

ih 200,  , CT o

oh 100,  ,  

Heat lost by hot oil = Heat gained by cold water  

 )()( ,,,, icocccohihhh TTcmTTcm    

)2070()100200(  cchh cmcm   

hhcc cmcm   2  

Let ''T be the highest possible exit temperature of water which will also be the lowest temperature 

of oil. 

Hence )20()200(  TcmTcm cchh
  

)20(2)200(  TcmTcm hhhh
  

)20(2200  TT  
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CT o80  (Ans.) 

Question 7.16. An oil cooler cools the oil (c = 2.09 kJ/kg oC) flowing at a rate of 1800 kg/h from 80 oC 

to 40 oC using water (c = 4.2 kJ/kg oC) flowing at a rate of 1800 kg/h at 30 oC. Give your choice for a 

parallel or counter flow heat exchanger. If the overall heat transfer coefficient is 25 W/m2 oC, 

evaluate the surface area of the heat exchanger. 

Answer: Let CkgkJc o

h /09.2 , skghkgmh /5.03600/1800/1800  , CT o

ih 80,  , 

CT o

oh 40,  , CkgkJc o

c /2.4 , skghkgmc /5.03600/1800/1800    CT o

ic 30,   and 

CmWU o2/25 . 

Let '' A be the area of heat exchanger which is to be determined. 

First to calculate outlet temperature of cold water as below, 

 Heat lost by hot oil = Heat gained by cold water  

 )()( ,,,, icocccohihhh TTcmTTcm    

)30(102.45.0)4080(1009.25.0 ,

33  ocT  

CT o

oc 9.49,   

Since outlet temperature of water is higher than the outlet temperature of the oil, therefore, 

parallel-flow is impossible. Hence, counter-flow cooling arrangement is desired. (Ans.) 

1
2 LorA

1T

2T

ihT ,

ohT ,

icT ,

ocT ,

T

Hot oil

Cold water

Counter flow heat exchanger 
 

For counter-flow heat exchanger  

CTTT o

ocih 1.309.4980,,1   and CTTT o

icoh 103040,,2   

C
TT

TT
LMTDT o

lm 24.18
)10/1.30ln(

)101.30(

)/ln(

)(

21

21 






  

Now lmTUAQ   

lmicoccc TUATTcm  )( ,,
  

24.1825)309.49(102.45.0 3  A  

2645.91 mA   (Ans.) 
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Question 7.17. Saturated steam at 120 oC is condensing on the outer surface of a single pass heat 

exchanger. The overall heat transfer coefficient is 1800 W/m2 oC. Determine the surface area of heat 

exchanger capable of heating 0.28 kg/s of water from 20 oC to 90 oC. Also compute the rate of 

condensation of steam. Take enthalpy of vaporization and specific heat as 2200 kJ/kg and 4.2 kJ/kg 
oC.  

Answer: CTT o

ohih 120,,  , CmWU o2/1800 , skgmc /28.0 , CT o

ic 20,  , CT o

oc 90,  , 

kgkJhfg /2200  and CkgkJc o

c /2.4 . 

CTTT o

icih 10020120,,1   and CTTT o

ocoh 3090120,,2   

ihT ,

ohT ,

icT ,

ocT ,

T
Hot fluid

Cold fluid

Condenser1 2
L

1T
2T

 

C
TT

TT
LMTDT o

lm 14.58
)30/100ln(

30100

)/ln( 21

21 






  

Now sJTTcmQ icoccc /82320)2090(102.428.0)( 3

,,    

Also lmTUAQ   

 2787.0
14.581800

82320
m

TU

Q
A

lm







  (Ans.) 

Now fgs hmQ    

skg
h

Q
m

fg

s /037.0
102200

82320
3



  (Ans.) 

Question 7.18. Define (i) Capacity ratio )(C , (ii) Effectiveness of heat exchanger )(  and (iii) 

Number of transfer units )(NTU . 

(i) Capacity ratio )(C : It is defined as the ratio of the minimum heat capacity to the maximum heat 

capacity.  

 
max

min

C

C
C   

In parallel or counter flow heat exchangers, the hot or cold fluid may have the minimum value. 

If  cchh cmcm    then 
h

c

hh

cc

C

C

cm

cm
C 




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If  cchh cmcm    then 
c

h

cc

hh

C

C

cm

cm
C 




 

The relative temperature change of the two fluids is inversely related to their heat capacity. That is, 

fluid with a smaller value of heat capacity experiences the greater change in temperature. 

(ii) Effectiveness of heat exchanger )( : It is defined as the ratio of the actual heat transfer to the  

maximum possible heat transfer. 

 
maxferheat transpossibleMaximum

transferheatActual

Q

Q
  

The actual heat transfer is given as, 

 )()( ,,,, icocccohihhh TTcmTTcmQ     

or  )()( ,,,, icoccohihh TTCTTCQ   

Maximum possible heat transfer )( maxQ  occurs when a fluid of small heat capacity )( minC  

undergoes maximum temperature change. Both for the parallel and counter flow heat exchangers, 

the maximum temperature difference available is equal to the inlet temperature of hot fluid )( h,iT  

minus the inlet temperature of cold fluid )( c,iT , i.e., 

)(difference etemepraturavailableMaximum c,ih,i TT  . 

 )(minmax c,ih,i TTCQ    

)(

)(

)(

)(

minminmax c,ih,i

c,ic,oc

c,ih,i

h,oh,ih

TTC

TTC

TTC

TTC

Q

Q









  

Since either the hot or cold fluid may have the minimum value of heat capacity, hence there are two 

possible below values of effectiveness. 

If ch CC   then hC  is minimum,  
)(

)(

c,ih,i

h,oh,i

TT

TT




  

If hc CC   then cC  is minimum, 
)(

)(

c,ih,i

c,ic,o

TT

TT




  

Therefore, effectiveness is simply a ratio of the temperature change of the fluid with the smaller 

heat capacity to the maximum temperature difference available in the heat exchanger. 

(iii) Number of transfer units )(NTU : The number of heat transfer units )(NTU  is a dimensionless 

parameter and is defined below.  

 
minC

UA
NTU   

It is a measure of the size of heat exchanger. The larger the value of NTU , the closer the heat 

exchanger reaches its thermodynamic limit (full effectiveness) of operation. 
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Question 7.19. Derive an expression for effectiveness of a parallel flow heat exchanger. 

Answer: A heat exchanger is generally designed by using effectiveness-NTU method when the outlet 

temperatures of fluids are not given. Figure shows variation of temperatures of the hot and cold 

fluid streams in a parallel flow double pipe heat exchanger along its length.   

1 2
LorA

1T 2TT

hT

cT

hdT

cdT

ihT ,

ohT ,

icT ,

ocT ,

T

dA

dQ

Parallel flow heat exchanger 

Hot 

fluid

Cold

fluid

icih TTT ,,1 

ocoh TTT ,,2 

 

The heat transfer between the cold and hot fluids for an elementary area dA  is given by, 

)( ch TTUdAdQ          

The energy balance to differential element between hot and cold fluids gives, 

h

hhhhhh
C

dQ
dTdTCdTcmdQ         

 
c

cccccc
C

dQ
dTdTCdTcmdQ          











ch

ch
CC

dQTTd
11

)(       

Substituting )( ch TTUdAdQ   in above equation and rearranging, we get, 















chch

ch

CC
UdA

TT

TTd 11

)(

)(
 

Integrating the above expression from the inlet section 1 to exit section 2, we get, 

  
















2

1

11

)(

)(
2

1

dA
CC

U
TT

TTd

ch

T

T ch

ch  

 













chicih

ocoh

CC
UA

TT

TT 11

)(

)(
ln

,,

,,
   (i)     

We know that, 

)(

)(

)(

)(

minmin c,ih,i

c,ic,oc

c,ih,i

h,oh,ih

TTC

TTC

TTC

TTC









  
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The values of h,oT  and c,oT  are obtained from above equation as, 

 )(min
c,ih,i

h

h,ih,o TT
C

C
TT   and )(min

c,ih,i

c

c,ic,o TT
C

C
TT   











ch

c,ih,ic,ih,ic,oh,o
CC

TTCTTTT
11

)()()( min   

or 













chc,ih,i

c,oh,o

CC
C

TT

TT 11
1

)(

)(
min  

Now substituting this value in equation (i), we get: 

 



























chch CC
UA

CC
C

1111
1ln min  

or 



























chch CC
UA

CC
C

11
exp

11
1 min  

or 
  )/1(/

)]/1(/exp[1

/1/1

)]/1/1(exp[1

minmin chh

chh

ch

ch

CCCC

CCCUA

CCC

CCUA









  

If hC  is assumed minimum, then ch CC   and therefore minCCh   and maxCCc  , then 

)/1(

)]/1(/exp[1

maxmin

maxminmin

CC

CCCUA




  

But  min/CUANTU   and maxmin /CCC    

)1(

)]1(exp[1

C

CNTU




  

The same expression will be obtained when the cold fluid has the minimum heat capacity. 

Question 7.20. Derive an expression for effectiveness of a counter flow heat exchanger. 

Answer: Below Figure shows the variation of temperatures of the hot and cold fluid streams in a 

counter flow double pipe heat exchanger along its length.  

hdT

cdT dA

dQ

1
2

LorA

1T

2T

ihT ,

ohT ,

icT ,

ocT ,

T
Hot 

fluid

Cold fluid

Counter flow heat exchanger 

hT

cT
T

ocih TTT ,,1 

icoh TTT ,,2 

 

Applying the energy balance to differential element, we get: 
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h

hhhhhh
C

dQ
dTdTCdTcmdQ         

c

cccccc
C

dQ
dTdTCdTcmdQ       

 









hc

ch
CC

dQTTd
11

)(          

The heat transfer between the fluids for an elementary area dA  is given as )( ch TTUdAdQ  . 

Substituting this value of dQ  in above equation and rearranging,  

 













hcch

ch

CC
UdA

TT

TTd 11

)(

)(
 

Integrating the above expression from the inlet section 1 to exit section 2,  

  
















2

1

11

)(

)(
2

1

dA
CC

U
TT

TTd

hc

T

T ch

ch  

 













hcocih

icoh

CC
UA

TT

TT 11
ln

,,

,,
  

or 













hcicoh

ocih

CC
UA

TT

TT 11
ln

,,

,,
   

or 






















hcicoh

ocih

CC
UA

TT

TT 11
exp

,,

,,   (i)     

We know that, 

 
)(

)(

)(

)(

minmin c,ih,i

c,ic,oc

c,ih,i

h,oh,ih

TTC

TTC

TTC

TTC









  

The values of h,oT  and c,oT  are obtained from above equation as, 

 )(min
c,ih,i

h

h,ih,o TT
C

C
TT   and )(min

c,ih,i

c

c,ic,o TT
C

C
TT   

Substituting these values in Equation (i), we get: 

 )]/1/1(exp[
))(/(

)()/(

,min

min,,

hc

icc,ih,ihh,i

c,ih,icicih CCUA
TTTCCT

TTCCTT









 

or )]/1/1(exp[
)/(1)[(

])/(1)[(

min,,

min,,

hc

hicih

cicih CCUA
CCTT

CCTT









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or )]/1/1(exp[
)/(1[

])/(1[

min

min
hc

h

c CCUA
CC

CC









 

 )]/1/1(exp[.)/()]/1/1(exp[1 min
min

hchhc

c

CCUACCCCUA
C

C
   

)]/1/1(exp[.)]/1/1(exp[1 minmin
hc

hc

hc CCUA
C

C

C

C
CCUA    

 )}]/1/1(exp{)/()/[()]/1/1(exp[1 minmin hchchc CCUACCCCCCUA    

 ])/1(/exp/1/1[

)]/1/1(exp[1

min hcchc

hc

CCCUACCC

CCUA




  

 
 )/1(/exp)/(1[/

/1/exp[1

min hcchcc

hcc

CCCUACCCC

CCCUA




  

If cC  is assumed minimum, then hc CC   and therefore minCCc   and maxCCh  , then 

 ])/1(/exp)/(1[/

)]/1(/exp[1

maxminminmaxminminmin

maxminmin

CCCUACCCC

CCCUA




  

But  min/CUANTU   and maxmin /CCC    

 
)]1(exp[1

]1exp[1

CNTUC

CNTU




  

The same expression will be obtained when the hot fluid has the minimum heat capacity. 

Question 7.21. Derive expression for the effectiveness of a condenser. 

Answer: The rate of heat transfer in a condenser is given by, 

 )( ,, ohihh TTCQ   

max

,, 0
C

Q

TT

Q
C

ohih

h 


  )( ,, ohih TT    

0min

max

min 



C

C

C
C  

Now 
)1(

)]1(exp[1

C

CNTU




   (Parallel-flow) 

Substituting 0C  in the above expression, we get: 

)exp(1 NTU  

Now 
 

)]1(exp[1

]1exp[1

CNTUC

CNTU




  (Counter-flow) 
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Substituting 0C  in the above expression, we get: 

 )exp(1 NTU  

Hence for both types of flow, the effectiveness of a condenser is given by, 

)exp(1 NTU  

Question 7.22. Derive expression for the effectiveness of an evaporator. 

Answer: The rate of heat transfer in an evaporator is given by, 

 )( ,, icocc TTCQ   

max

,, 0
C

Q

TT

Q
C

icoc

c 


  )( ,, icoc TT    

0min

max

min 



C

C

C
C  

Now substituting 0C  in the expressions for effectiveness of an evaporator for parallel and 

counter flow conditions, we get:  

)exp(1
)01(

)]01(exp[1
NTU

NTU





    (Parallel-flow) 

 
)exp(1

)]01(exp[01

]01exp[1
NTU

NTU

NTU





  (Counter-flow) 

Hence for both types of flow, the effectiveness of an evaporator is given by, 

)exp(1 NTU  

Question 7.23. Derive expressions for the effectiveness of a regenerator for parallel and counter 

flow conditions. 

Answer: In the case of typical regenerators, maxmin CC   

1
max

min 
C

C
C  

(i)  
)1(

)]1(exp[1

C

CNTU




   (Parallel-flow) 

Substituting 1C  in the above expression, we get: 

2

)2exp(1

)11(

)]11(exp[1 NTUNTU 





  

(ii) 
 

)]1(exp[1

]1exp[1

CNTUC

CNTU




  (Counter-flow) 

Substituting 1C  in the above expression, we get: 
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 
0

0

)]11(exp[11

]11exp[1







NTU

NTU
 , which is indeterminate. 

Therefore, applying L, Hospital’s rule, we get: 

 
 

NTU

NTU

CNTUC
C

CNTU
CLimit

C 













 1

)}]1(exp{1[

}]1exp{1[

1
  

Question 7.24. In a double pipe parallel flow heat exchanger hot water flows at a rate of 50040 kg/h 

and gets cooled from 95 oC to 65 oC. The cooling water enters at 30 oC in the exchanger at a rate of 

50040 kg/h. Determine the heat transfer area and the effectiveness if overall heat transfer 

coefficient is 2270 W/m2 oC and specific heat of hot and cold water is 4.2 kJ/kg oC. 

Solution Let skgmh /9.133600/50040  ,  CT o

ih 95,  , CT o

oh 65,  ,  CT o

ic 30,  , 

skgmc /9.133600/50040  , CmWU o2/2270 ,  and CkgkJcc o

ch /2.4 . 

1 2 LorA

ihT ,

ohT ,

icT ,

ocT ,

T

Parallel flow heat exchanger 

Hot water

Cold water

 

First to calculate outlet temperature of cold water as below, 

Heat lost by hot water = Heat gained by cold water 

)()( ,,,, icocccohihhh TTcmTTcm    

)30(102.49.13)6595(102.49.13 ,

33  ocT  

CT o

oc 60,     

For parallel-flow heat exchanger  

CTTT o

icih 653095,,1   and CTTT o

ocoh 56065,,2   

 C
TT

TT
LMTDT o

lm 39.23
)5/65ln(

565

)/ln( 21

21 






  

Now lmTUAQ   

Thus 
lm

ohihhh

lm TU

TTcm

TU

Q
A









)( ,,


  

2
3

986.32
39.232270

)6595(102.49.13
mA 




  (Ans.) 
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Now 
)(

)(

)(

)(

minmax c,ih,i

h,oh,i

c,ih,i

h,oh,ih

TT

TT

TTC

TTC

Q

Q









   )( min ch CCC   

4615.0
3059

6595





  (Ans.) 

Question 7.25. A counter flow heat exchanger is used to cool 0.56 kg/s of oil (c = 2.5 kJ/kg oC) from 

105 oC to 30 oC. The cold water enters at 15 oC and comes out at 80 oC. Use NTU-effectiveness 

method for determining the water flow rate, effectiveness and heat transfer area of heat exchanger 

if the overall heat transfer coefficient is 1500 W/m2 oC and specific heat for water is 4.2 kJ/kg oC.   

Solution Let skgmh /56.0 , CkgkJc o

h /5.2   CT o

ih 105,  , CT o

oh 30,  ,  CT o

ic 15,  , 

CT o

oc 80,  , CmWU o2/1500   and CkgkJc o

c /2.4 . 

1
2 LorA

ihT ,

ohT ,

icT ,

ocT ,

T

Hot oil

Cold water

Counter flow heat exchanger  

(i)  )()( ,,,, icocccohihhh TTcmTTcm    

)1580(102.4)30105(105.256.0 33  cm  

skgmc /385.0   (Ans.) 

(ii)  CsJcmC o

ccc /1617102.4385.0 3    )( maxC  

CsJcmC o

hhh /1400105.256.0 3     )( minC  

866.0
1617

1400

max

min 
C

C
C  

  833.0
15105

30105












c,ih,i

h,oh,i

TT

TT
  (Ans.) 

(iii)  
 

)]1(exp[1

]1exp[1

CNTUC

CNTU




  (Counter-flow) 

 ]1exp[1)]1(exp[ CNTUCNTUC   

 ]1exp[)]1(exp[1 CNTUCNTUC    

)1()]1(exp[1  CCNTU   

 
1

1
]1exp[






C
CNTU




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 
1866.0833.0

1833.0
]866.01exp[




NTU  











2786.0

167.0
ln134.0 NTU  

82.3NTU  

2min

min

565.3
1500

140082.3
m

U

CNTU
A

C

UA
NTU 





  (Ans.) 

Question 7.26. A hot fluid at 200 oC enters a parallel flow heat exchanger at a mass flow rate of 

10008 kg/h. Its specific heat is 2000 J/kg oC. It is cooled by another fluid entering at 25 oC with a 

mass flow rate of 2502 kg/h having specific heat of 400 J/kg oC. Using NTU-effectiveness method 

determine the outlet temperature of the hot fluid if the overall heat transfer coefficient based on 

outside area of 20.2 m2 is 255 W/m oC.  

Solution Let CT o

ih 200,  , skghkgmh /78.2/10008  , CkgJc o

h /2000 ,    CT o

ic 25,  , 

skghkgmc /695.0/2502  , CkgJc o

c /400 , 22.20 mA   and CmWU o2/255 . 

1 2 LorA

ihT ,

ohT ,

icT ,

ocT ,

T

Parallel flow heat exchanger 

Hot fluid

Cold fluid

 

 CsJcmC o

hhh /5560200078.2     )( maxC  

 CsJcmC o

ccc /278400695.0    )( minC  

05.0
5560

278

max

min 
C

C
C  

53.18
278

2.20255

min





C

UA
NTU  

952.0
)05.01(

)]05.01(53.18exp[1

)1(

)]1(exp[1












C

CNTU
    

Also 
)(

)(

minmax c,ih,i

h,oh,ih

TTC

TTC

Q

Q




  

Thus 
)25002(782

)200(5560
952.0




 h,oT
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 CT o

h,o 67.191
5560

)25002(782952.0
200 


  (Ans.) 

Question 7.27. Two fluids A and B exchange heat in a counter flow heat exchanger. Fluid ‘A’ (specific 

heat 1000 J/kg oC) enters at 420 oC having a mass flow rate of 1 kg/s. Fluid ‘B’ (specific heat 4000 J/kg 
oC) enters at 20 oC which also has a mass flow rate of 1 kg/s. The effectiveness of heat exchanger is 

0.75. Determine the exit temperature of fluid and heat transfer rate.  

Solution Let  CkgJc o

h /1000   CT o

ih 4 2 0,  , skgmh /1 , CkgJc o

c /4000 ,   

CT o

ic 20,  , skgmc /1  and 75.0 . 

1
2 LorA

ihT ,

ohT ,

icT ,

ocT ,

T

Fluid A

Fluid B

Counter flow heat exchanger  

Since only inlet temperatures are given for both fluids, therefore, we have to use NTU-effectiveness 

method.  

CsJcmC o

hhh /100010001    )( minC   

 CsJcmC o

ccc /400040001    )( maxC  

)20(4201000

)20(4000

)(

)(

minmax 







 c,o

c,ih,i

c,ic,oc T

TTC

TTC

Q

Q
  

CT
T o

c,o

c,o 95
)20(4201000

)20(4000
75.0 




  (Ans.) 

kWTTCQ c,ic,oc 300
1000

)2095(4000
)( 


  (Ans.) 

Question 7.28. Two fluids A and B exchange heat in a counter flow heat exchanger. Fluid ‘A’ (specific 

heat 3.5 kJ/kg oC) enters at 645 oC having a mass flow rate of 16 kg/s. Fluid ‘B’ (specific heat 4.2 kJ/kg 
oC) enters at 100 oC which has a mass flow rate of 20 kg/s. Using NTU-effectiveness method 

determine the effectiveness and outlet temperature of the hot fluid if the overall heat transfer 

coefficient based on outside area of 45 m2 is 950 W/m2 oC.   

Solution Refer Figure given in Question 27.  Let CkgkJc o

h /5.3 , CT o

ih 645,  , skgmh /16 , 

CkgkJc o

c /2.4 ,   CT o

ic 100,  , skgmc /20 , 245 mA   and CmWU o2/950 .   

CkWcmC o

ccc /842.420    )( maxC  

CkWcmC o

hhh /565.316     )( minC  

67.0
84

56

max

min 
C

C
C  
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76.0
1056

45950
3

min







C

UA
NTU  

 
)]1(exp[1

]1exp[1

CNTUC

CNTU




  (Counter-flow) 

 
4635.0

)]67.01(76.0exp[67.01

]67.0176.0exp[1





  (Ans.) 

Also 
c,ih,i

h,oh,i

TT

TT




    )( minCCh   

)( c,ih,ih,ih,o TTTT     

CT o

h,o 4.392)100645(4635.0645   (Ans.) 

Question 7.29. A counter flow heat exchanger is to heat air entering at 673 K with a flow rate of 6.25 

kg/s by the exhaust gas entering at 1073 K with a flow rate of 4.25 kg/s. The specific heat for both air 

and exhaust gas is given as 1.2 kJ/kg K. If the outlet temperature of the air is 823 K and overall heat 

transfer coefficient is 100 W/m2 K, determine the outlet temperature of the gas, heat transfer 

surface area and the NTU.   

Solution Let KT ic 673,  , skgmc /25.6 ,   KT ih 1073,  , skgmh /25.4 , 

KkgkJcc hc /2.1 , KT oc 823,   and   KmWU 2/100 . 

1
2 LorA

1T

2T

ihT ,

ohT ,

icT ,

ocT ,

T

Exhaust hot gas

Cold air

Counter flow heat exchanger  

KkWcmC ccc /5.72.125.6     )( maxC  

KkWcmC hhh /4.52.125.4     )( minC  

(i) First to calculate outlet temperature of exhaust gas as below, 

 Heat lost by hot exhaust gas = Heat gained by cold air  

 )()( ,,,, icocccohihhh TTcmTTcm    

)673823(2.125.6)1073(2.125.4 ,  ohT  

KT oh 18.889,   (Ans.) 

(ii)  KTTT ocih 2508231073,,1    

KTTT icoh 18.21667318.889,,2   
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K
TT

TT
LMTDTlm 68.232

)18.216/250ln(

18.216250

)/ln( 21

21 






  

Now lmTUAQ   

lmicoccc TUATTcm  )( ,,
  

68.232100)673823(102.125.6 3  A  

235.48 mA   (Ans.) 

(iii) 895.0
104.5

35.48100
3

min







C

UA
NTU  (Ans.) 

Question 7.30. A hot fluid at 398 K enters a parallel flow heat exchanger at a mass flow rate of 5.6 

kg/s. Its specific heat is 3.4 kJ/kg K. It is cooled by a cold fluid entering at 298 K with a mass flow rate 

of 13.9 kg/s having specific heat of 4.2 kJ/kg K. Using NTU-effectiveness method determine the 

outlet temperature of the hot and cold fluids if the overall heat transfer coefficient based on outside 

area of 10.5 m2 is 1055 W/m K.  

Solution Let KT ih 398,  , skgmh /6.5 , KkgkJch /4.3 ,    KT ic 298,  , skgmc /9.13 , 

KkgkJcc /2.4 , 25.10 mA   and KmWU 2/1055 . 

1 2 LorA

ihT ,

ohT ,

icT ,

ocT ,

T

Parallel flow heat exchanger 

Hot fluid

Cold fluid

 

 KkJcmC hhh /04.194.36.5      )( minC  

 KkJcmC ccc /38.582.49.13    )( maxC  

326.0
38.58

04.19

max

min 
C

C
C  

582.0
1004.19

5.101055
3

min







C

UA
NTU  

)1(

)]1(exp[1

C

CNTU




   

405.0
)326.01(

)]326.01(582.0exp[1





  (Ans.)  
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Also 
c,ih,i

h,oh,i

TT

TT




   ][ minCCh   

Thus 
298983

398
405.0




 h,oT

  

KTh,o 5.357  (Ans.) 

 kWTTcmQ ohihhh 12.771)5.357398(4.36.5)( ,,    

Also )( ,, icoccc TTcmQ    

 )298(2.49.1312.771 ,  ocT  

KT oc 21.311,   (Ans.) 

 


